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Abstract

Many economic time series reveal periodic
and seasonal patterns which can be modeled
by periodic AR processes. Using a conjugate
normal-gamma model we suggest to model
seasonal data by a hierarchical prior distri-
bution. We extend this approach to include
periodic ARCH models which we call a PAR-
GARCH model. A Metropolis-Hastings step
is used for the ARCH part of the model and
in case when the exact likelihood function is
given.
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1 INTRODUCTION

Periodic time series have become increasingly
important in many applied sciences and this
has given new impact to develop different es-
timation methods. In this paper we will con-

centrate on the Bayesian estimation of time
series models which is motivated by seasonal
econometric applications. In a recent text
book Franses (1998) has described the classi-
cal estimation of these models while an early
Bayesian approach by hierarchical seasonal
models can be found in Polasek (1984).

We will briefly describe the hierarchical
model for seasonal time series models which
follows the hierarchical Gaussian model and
the embedding of period models into mul-
tivariate time series models. Also we show
that this approach can be extended to
periodic ARCH (autoregressive conditional
heteroskedasticity) or GARCH (generalized
ARCH, see Bollerslev (1986)) models and the
estimation method we suggest is the MCMC
approach which is now widely used in prac-
tice for hierarchical models. While we will
concentrate on periodic AR (PAR) models it
is readily seen that the model range can be
extended to include ARMA processes, i.e. a
moving average (MA) component.



Section 2 introduces the periodic AR model
by specifying a hierarchical prior structure.
Section 3 describes the estimation procedure
and section 4 introduces periodic AR-ARCH
processes. The last section concludes. The ap-
pendix contains all the technical details as
how to run a Gibbs sampler for a hierarchi-
cal regression model and how to use MCMC
methods to sample from the posterior distri-
bution which is based on the exact likelihood
function for AR models.

2 BAYESIAN PERI-
ODIC AR MODELS

In this section we describe the Bayesian pe-
riodic AR model with period (or season) S
and explain how we can can specify a prior
distribution for the AR coefficients of a PAR
model. We consider a time series with sea-
sonal periodicity of length S and for each sea-
son we specify a Gaussian regression model.
Several ways to introduce a hierarchical prior
structure have been suggested over the last
decades and for regression models many ap-
plications can be found in the literature (see
e.g. Polasek (1984) for seasonal time series
applications and Gelfand et al. (1990) for
the first Gibbs sampling application for hier-
archical models).

We will investigate two strategies for PAR
models: the first model is the hierarchical
pooling model where we make the assump-
tion that the PAR coefficients come from a
common hyper-population.

/BSNN[/B;E], 821,...,5.

(1)

The second model introduces smoothness re-
strictions between neighboring seasons, i.e.

Bs - 55—1 ~ N[Oa E]v (2)

where we make a cyclical restriction on the
seasonal regression coefficients 5y = (5.

To understand the 'periodic’ approach con-
sider the quarterly PAR(1) model:

.S

s=1,...

Yit Bio + Bi1ya—1 + vy, (3)
Yo = Pao + Laryae + Uas, (4)
Ysi = Pao + P31y + Use, (5)
Yoo = Bao + Bays + uar (6)
where we assume that the error term is

homoskedastic iid or normally distributed:
ugy ~ NJ[0,0%]. Generalizing, the PAR(1)
model with period S is defined as

5 (1)

where the regressors for the quarterly
PAR(1) model are defined by the vectors
Tg = (L,ys—14)', s=2,..,5, and
(L, yap—1)".

!/
Yst = xstﬁs + Ust, § = ]-7

Ty =

3 THE HIERARCHI-
CAL PAR MODEL

As we see from the quarterly PAR(1) model,
the periodic AR(p) model has more param-
eters than a non-periodic model and there-
fore it seems quite reasonable to make some
similarity assumptions for the coefficients. A
straightforward approach to do this is by
specifying a Bayesian hierarchical structure.
Assuming a Gaussian (normal) distribution



for the data, the hierarchical PAR model is
given by

Yst ~ N[$lst53, 052171]7

s=1,.,5t=1.,T. (9)

and the prior distributions are specified as

Bs ~ N[ﬁ, E],ﬂ ~ N[b*,H*],

IREEN W[(V*S*)_la l/*]a

0;2 ~ Gay [af, N4,

where W stands for the Wishart distribu-

tion and Gay for a gamma-2 distribution, i.e.
stands for the re-parameterisation Gas|a, b] =
Gala/2,b/2]. We adopt the convention that
all hyper-parameters indexed with a '+’ are
known and have to be specified before the
data are known. The estimation of this model
is possible by Gibbs sampling and is de-
scribed in Gelfand et al.(1990).

3.1 The
model

smoothness PAR

For the Gaussian smoothness PAR(p) model
of order p we assume a diagonal regres-
sion system like the quarterly PAR(p) model
which has the following form

Yt B U1
U
Yot — X, B + 2t
Yst B3 Usg
Yag Ba Ugg

2, 0 0 0

. 0 2, 0 0
t

0 0 0 2,

and the residual is normally distributed:
u; ~ N[0, X]. For general number of seasons
S the PAR model is

Y = Xo 8+ uy (14)

with Xé = (xlt,...,xgt), and Tst =
(1,254-1,-.s%54—p). The dimension of the
vector and matrices are y; : (S x 1), X :

(S x Sk), and

B:(Skx1),u:(Sx1).  (15)

Assuming Gaussian distributions for the lo-
cation parameters and a Wishart distribu-
tion for the covariance matrix, the hierarchi-
cal model is given by

ytNN[Xtﬁag]a )
Akﬁ ~ N[0,0’f[s ® Ik],
Q ~ W) ]

where the differencing matrix Ay is defined
as

L, 0 0 —I
L L, 0 0
A=| 0 - I, 0 (16)
0 0 —I I

and [ is the identity matrix of order k. Note
that the variance parameter o2 controls the
tightness of the smoothness restriction in the
prior distribution. a small o2 will enforce the

equality of the f coefficients.



4 PERIODIC AR-ARCH
MODELS

A further extension of PAR models covers
volatile financial time series if we specify an
ARCH structure or an GARCH (generalized
ARCH) structure for the conditional vari-
ances. Using Gaussian distributions we as-
sume a two-stage hierarchical model which is
given by

Yst ~ N[x;tﬁsa Z;t7s]7
Bs ~ N[b*,H*],
Vs N[/Y*a G*]

A 3-stage model in analogy to (2) would also
be possible. In this model we assume a prior
distribution which is the same for all seasons
(we will call this also an equi-periodic prior
distribution). In Polasek and Jin (1997) we
have suggested a tightness prior structure for
the AR coefficients which is the case if we as-
sume b, = 0 and H' = diag(0,1,2, ..., k) for
the prior of the AR coefficients and in simi-
lar way we assume for the ARCH coefficients
v = 0.01 and G, = H,. (The prior mean .01
can be varied with the dimension of the PAR
system and the number of ARCH parame-
ters.) The tightness structure is expressed
through the variances which shrink in a lin-
ear way around the prior location, which is 0
for the AR coefficients and .01 for the ARCH
coefficients.

The model specifies for each season s an uni-
variate ARCH model where the prior distri-
bution restricts the coefficients to the station-
arity region and shrinks them to zero or a
small positive value.

The regression vector is x’, = (Zs0, ..., Tst) &
vector of length £+1 and could consist of past
time series data or other regression variables.
In case of an AR(k) model the regression vec-
tor is given by =, = (1,yss—1,..., Ysi—k) and
zg 18 a vector of length p 4+ ¢ + 1 for the
ARCH(p,q) coefficients, i.e.

Z;t = (]_, hs,t—l; ey h’s,t—pa 53,#17 ey 6§,t7q)
with hg = 25,7 and £ = ysr — @, 5s.
For the MCMC algorithm we have to
work out the full conditional distributions
(f.c.d.’s). The f.c.d. for the AR coefficients
are given by

p(58|9\587 Y) X N[bs**a HS**] (18)
with the hyper-parameters
H.!=H'+X!D'X,, (19)

s**(Hilb* + XQD;1y5)7

bs** - %

where the weight matrix is Dy =
diag(2h Vs, -y 2477vs) With X! = (24, ..., Zs1)

and y; = (ysh "'7ysT)'
The f.c.d. for the ARCH parameters has to

be generated by a Metropolis step. The full
conditional posterior distribution is given by

T
p(vs | O\, Y) o< [T (2hyvs) ™"

t=1

1 / /
exp[_§(y8t - "L.stﬁs)2/zstf)/8]
1 oy
.eXp[_§(7s - 7*) G* 1(75 - 7*)]

We suggest to use as a proposal distribution
the least squares regression from the squared



residuals of the AR process on the variables
in z;:

with ést = Yst — xlstﬁs

(20)
from where we get the parameters for the pro-
posal distribution

p(7s) = N[Fs, GS]

5
Est = %sts + Ust

(21)

with 4, = (Z2/Z,)7'Z'4, and G, =
72(2:Z,)7" where 72 = L2 4% and Z] =
(Zsl, ey ZsT)-

Assuming a smoothness prior we can define a
smoothness PAR-PARCH model. This would
extend the 2-stage model in (4) to a 3-stage
PAR(k)-ARCH(p,q) model:

Yst ™~ N[x;tﬁsa Z;t75]7

Bs ~ N[b*a H*]af)/s ~ N[V*,G*]a
A~ N[O,Uil—g ® Ix),

Apy ~ NI0, s ® 1]

where 7' = (9], ...,75) and the differencing
matrices Ay and A, (of appropriate dimen-
sion p' = p+ ¢+ 1) are defined as in (17).

5 SUMMARY

The paper has given a brief introduction
into MCMC methods for periodic AR mod-
els. We have described a hierarchical model
for seasonal PAR models and we have shown
how PAR models can be extended to PAR-
GARCH models and the MCMC algorithm
can be used as well. The MCMC approach
is very flexible and can be extended to mul-
tivariate models or to models with outliers

(see Polasek and Jin (1997)). A further open
problem is a computational feasable approach
to Bayesian model selection.

6 Appendix: The
Metropolis Algorithm

Consider a conditional distribution p(¢ | y)
which is specified up to a constant and cannot
be sampled directly (also called target distri-
bution). Then the Metropolis algorithm will
create a sequence of samples which converge
to the target distribution.

1. Draw a point 6° from a starting distri-
bution py(f) so that p(f|y) > 0

2. Sample a candidate #* from a jumping
(or candidate) distribution at time t:
0* ~ J,(6* | 0"")which has to be sym-

metric
Ji(x|y)=Ji(y | z) forall zuy,t.
(22)
3. Calculate the density ratio
r=p0" [ y)/p(0"" | y). (23)

4. Accept the candidate with probability
man(r, 1)

9*
0" = { g1

By cycling through step 1) to step 4) iter-
ate for t = 1,2, ... until convergence. Note
that if candidate draw is not accepted, then

with prob. min(r, 1)

else. (24)



the sampler does not move: A = gt=b A
good proposal is often difficult to obtain and
in general the acceptance ratio should be as
high as possible.
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