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Abstract

Bayesian analysis of autoregressive moving average models is dis�
cussed with di�erent distributional assumptions for the noise process�
The proposed Gaussian white noise is a mixture distribution where
the hyper�parameter follows two di�erent hyper�distributions to in�
corporate� the t distribution and the hyperbolic distribution� The
Metropolis�Hastings and Gibbs sampler are used for the Bayesian es�
timation� Model selection is a also discussed through the use of the
predictive distribution� pseudo�marginal likelihoods and pseudo�Bayes
factors� The models are estimated for daily and monthly exchange
rates �SFr��US���
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� Introduction

Recent research in empirical 
nance has shown renewed interests in the dis�
tributional properties of returns of securities since the pricing of derivatives
depends heavily on distributional assumptions	 The phenomenon of leptokur�
tic distributions of �speculative prices� has been known since Mandelbrot
���
�� and Fama ���
��� and econometric approaches to model leptokurto�
sis have produced only moderate success	 The use of ARCH �autoregressive
conditional heteroskdastic� models which were introduced by Engle ������ is
popular for modeling volatility clusters� but it could not resolve the puzzle
of the �right� distributional assumptions	
Many empirical studies for 
nancial time series have shown that the usual
��normal�� Gaussian distributional assumptions are not adequate	 For 
nan�
cial time series it is reasonable to assume that the underlying distribution
has heavier tails� for example a t distribution with low degrees of freedom	
The hyperbolic distribution was suggested by Barndor��Nielsen et al	 ������
as an alternative distribution when there is considerably more mass around
the origin and in the tails than in the standard normal distribution	 Engle
������ expressed this kind of behavior as leptokurtosis which is very im�
portant in modeling 
nancial data	 Eberlein and Keller ������ applied the
class of hyperbolic distributions and improved the 
tness to the empirical
returns	 Recently� Barndor��Nielsen ������ has suggested to use the normal
inverse Gaussian distribution for stochastic processes in 
nance and stochas�
tic volatility modeling	
Both� the t distribution and the hyperbolic distribution can be considered as
a mixture of normal distributions	 These results are conceptually straight�
forward in Bayesian analysis	 Consider a normal distribution with variance
�� for the error term �� i	e	

� � N��� ����

Using �� as a hyper�parameter in a scale mixture of normal distributions� we
can get the t distribution and the hyperbolic distribution by mixing �see Ap�
pendix C�	 From the Bayesian point of view� the idea of mixing is formulated
in a hierarchical model and the posterior distribution of all the parameters
of the model will be numerically simulated by Markov chain Monte Carlo
�MCMC� methods	
In Section � we start with the likelihood for the normal ARMA�p�q� model
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and we derive all the complete conditional densities for the parameters of the
t�ARMA and the hyp�ARMA model	 We specify hyper�distribution on the
variance of the Gaussian white noise distribution to arrive at t distribution
and hyperbolic distribution	
Model choice and MCMCmethods like the Gibbs sampler and the Metropolis�
Hastings algorithm are explained in Section �	 The predictive density is dis�
cussed in Section �	 We study the CPO �conditional predictive ordinate�
plots and the pseudo Bayes factors to select the best model	 Since we have
assumed for some parameters a non�informative prior distribution� we use
the approach of Gelfand and Dey ������ to calculate pseudo Bayes factors	
In Section � we illustrate our models with exchange rate data �SFr	�US� from
June ���� to May �����	 In Section 
 we 
nish with some conclusions	
In the appendix we discuss the generalized inverse Gaussian �GIG� distribu�
tion� the Bessel function and the hyperbolic distribution	

� ARMA Processes

Autoregressive moving average models constitute a broad class of parsimo�
nious time series processes which are useful in describing a wide variety of
time series �Box and Jenkins� ���
�	 The stochastic process fztg� t � Z is
said to be an ARMA�p�q� process with mean � if it is generated by

��B��zt � � � � ��B��t� ���

where B is the backshift operator Bzt � zt�� and ��B� � ����B�� � ���pBp

and ��B� � � � ��B � � � � � �qB
q are lag polynomials in B of degrees p and

q� respectively� and �t are independent and identically distributed random
variables with mean � and variance ��	

��� The likelihood for the ARMA�p�q� model

Consider mean centered observations yt � zt � � � then the ARMA�p�q� pro�
cess in ��� can be written as

yt �
pX

j��

�jyt�j �
qX

j��

�j�t�j � �t� t � �� � � � � T�
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Let fn�znjZn������ be the conditional density of the observation zn given
all the observed time series values in Zn�� up to time n � � and the initial
values ��	 We denote the likelihood for n observations Zn � �z�� � � � � zn� by
f�Zn��� where the parameters are

� � ����� �� ��� ���

with � � ���� � � � � �p� and � � ���� � � � � �q�� Our analysis is based on the con�
ditional likelihood function where Z��� � �z��p� � � � � z�� and E��� � ����q� � � � � ���
are the starting values	 The initial values and parameters are given by
�� � ��� E���� Z���� and the likelihood function under normality �Gaussian
distribution� can be written as

f�Znj��� � f��z�j���f��z�jZ����� � � � fn�znjZn������

� �������
n
� exp��

P
�yt � �t��

���
� ���

where the conditional means of the process are

�t �
pX

i��

�iyt�i �
qX

i��

�i�yt�i � �t�i� � �� ���

For the prior distribution we assume independent blocks� i	e	

���� � ���������������� �� ���

and we assume a di�use prior for the location parameters ���� � �� ���� � ��
��� � � �� and a conjugate inverse gamma �IG� distribution for the scale
parameter ��

����� �
�

��	��

��
� ��������

exp�� �

��
�
��

The posterior distribution for � is proportional to the product of the likeli�
hood ��� and the prior ����

���jZn� E���� Z���� � f�Znj�� E���� Z��������

� �����
n
� exp��

P
�yt � �t��

���
������ �
�

To apply the Gibbs�Metropolis sampler� we derive from the posterior distri�
bution the so�called complete conditional distribution for blocks of parame�
ters	
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The complete conditional densities �c	c	d	� for the ARMA�p�q� parameters
� � �� and � is via �
� proportional to

���j� n �� Zn� � exp��
P
�yt � �t��

���
�� ���

���j� n�� Zn� � exp��
P
�yt � �t��

���
�� ���

��� j� n �� Zn� � exp��
P
�yt � �t��

���
�� ���

The c	c	d	 for the residual variance �� is again an inverse gamma distribution

����j� n ��� Zn� � IG�	� �
n

�
�

�
�
� � 
�

P
�yt � �t��

�� ����

where � n � denotes the set of parameters in � without �� and similar for
the other parameters in above c	c	d	�s	
As alternative we could specify an informative �normal� prior for the ARMA�p�q�
parameters in ���� i	e	

������ � � � Np�������Nq�������N ��� � �
�
� �� ����

where ������ ������ �� � and ��� are known hyper�parameters	 For the in�
formative case the c	c	d	�s in ���� ���� and ��� have to be multiplied by the
normal distributions in �����

���j� n �� Zn� � expf�
P
�yt � �t��

���
g expf��

�
�� � ���

������ ���g�

���j� n�� Zn� � expf�
P
�yt � �t��

���
g expf��

�
��� ���

������ ���g�

��� j� n �� Zn� � expf�
P
�yt � �t�

�

���
g expf��

�
�� � �� �

�����g�

����� The ARMA�p�q� model with t distributed innovations

Suppose that� given the parameter ��� v����� has a 
� �or gamma� prior
distribution with v degrees of freedom� i	e	�

����j��� � �v��v��exp��v��

��� �

��v����v�����v����
�
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By integrating �� over the product of the normal distribution and the 
�

distribution� we will get the innovations ��� as a t distribution with v degrees
of freedom �see Appendix C	��	 The c	c	d	�s of � � �� � are the same as
in ��� to ��� of the previous subsection and to estimate the t distribution
with � degrees of freedom we have to extend the parameter vector in ��� to
� � ����� �� ��� ��� and the remaining c	c	d	�s are

���j� n ��� Zn���� � IG�
n� v

�
�

�

v�
P
�yt � �t��

��

���j� n ��� Zn���� � Ga�
v�� � 	�

�
�

���
�
v
� � ���

��

where 	� and 
� are the known prior hyper�parameters for ��	 If the degrees
of freedom � of the t distribution is not known then we can extend the
parameters set to  � � ��� �� and sample � from a discrete set of integers	

����� The ARMA�p�q� model with hyperbolic innovations

Suppose that �� has a generalized inverse Gaussian �GIG� distribution �see
Appendix A� of the form

�� � �

��� � �
GIG�� � �� 
 � � � ��� � ��� ����

Then the marginal distribution of � has a hyperbolic distribution �Barndor��
Nielsen et al	� �����	 Now the parameters to be estimated for the hyp�
ARMA�p�q� model ��� are de
ned by � � ����� �� ��� ��� �� and the MCMC
algorithm takes the following form	 The c	c	d	�s for � � �� � are given by ����
��� and ���� of the previous section� respectively	
The c	c	d	�s for ��� �� and � can be found to be

����j� n ��� Zn���� � ����nexp��
P
�yt � �t��

���
� ��

�
� ���� � ���

�����
�� ����

and

����j� n ��� Zn���� � �����exp����

�
� ���� � ���

�����
� �


�
�� ����

���j� n �� Zn���� � exp�� 	�����
�

����� �

���� � ��K����� � ��
� ����






We use for the c	c	d	 of � and � a normal distribution which is obtained by
an iteration proposal given by

� � N ��old� �
�
��� � � N ��old� �

�
� ��

The mean �old � ���� �old � ���� and the variance ��� � ����� ��� � ���� are
obtained iteratively from Metropolis runs �e	g	 � times thousand runs�	 We
calculate the mean and variance and repeat the iterative proposal until a
satisfactory acceptance�rejection ratio is obtained	

� Sampling based methods

��� Gibbs sampling

Bayesian inference proceeds by obtaining marginal posterior distributions of
the components of � as well as summary features of these distributions	 The
Metropolis�Hastings algorithm is attractive in Bayesian inference since the
marginal or joint posterior distributions are always available up to a multi�
plicative constant	 The Gibbs sampler was introduced by Gelfand and Smith
������ as a tool for carrying out Bayesian calculations and is a Markovian
updating scheme that proceeds as follows	 Suppose we partition � into k
components ������� � � � ��k�� Let �i � ���ijf�jgj ��i� Zn� denote the com�
plete conditional density �c	c	d	� of �	 Given an arbitrary set of starting

values ��	�

� ��	�


� � � � � ��	�

k �� we draw

�	�

� � �����j�	�


� � � � � ��	�

k � Zn��

�
	�

� � �����j�	�


� ��
	�

� � � � � ��

	�

k � Zn��

and so on� up to

�
	�

k � �k��kj�	�


� ��
	�

� � � � � ��

	�

k��� Zn��

completing one iteration	 Thus� each variable is visited in the natural order
and a cycle in this scheme requires k random variate generations	 After i such
iterations we would arrive at ��	i


� ��	i

� � � � � ��	i


k �� Under very mild regularity
conditions �see Gelfand and Smith ������ or Tierney �������� this Markov

chain converges to a stationary distribution for large i� i	e	 ��	i

� � � � � ��	i


k � and

�



follows a distribution which is approximately the required posterior distribu�
tion ����� � � � ��kjZn�� Importantly� each complete conditional distribution
is proportional to the joint density f�Zn��� �����	

��� Metropolis�Hastings Algorithm

The Markov chain Monte Carlo using the Metropolis�Hastings �M�H� algo�
rithm is a general method for the simulation of stochastic processes hav�
ing probability densities known up to a constant of proportionality	 The
Metropolis algorithm was originally developed by Metropolis et al	 ������
and has been widely used by physicists since	 Hastings ������ re
ned the
Metropolis algorithm and introduced to statisticians in Monte Carlo esti�
mates	 The idea of the M�H algorithm is to use a general transition kernel
P �u� v� �based on P �vju�� and the property of reversibility to get the station�
ary distribution associated with P �u� v�	 In the continuous case the propertyR
P �u� v�dv � � holds� while in the discrete case P �u� v� is called a transition

matrix and the summation over the discrete states yields
P
P �u� v� � �	 The

property of reversibility means that

��u�P �u� v� � ��v�P �v� u�

and the equilibrium distribution associated with P �u� v� is ��u�	 The M�H
algorithm is the Markov chain Monte Carlo method which uses this result to
generate samples from the desired distribution	 Let P �u� v� � 	�u� v�q�u� v�
where

	�u� v� � min���
��v�q�v� u�

��u�q�u� v�
��

and q�u� v� is any transition kernel on the appropriate space	 The P �u� v� sat�
is
es the reversibility condition as follows	 Suppose ��v�q�v� u�� ��u�q�u� v��

��u�P �u� v� � ��u�
��v�q�v� u�

��u�q�u� v�
q�u� v�

� ��v�q�v� u��

and

��v�P �v� u� � ��v�
��u�q�u� v�

��v�q�v� u�
q�v� u�

� ��v�q�v� u��
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Similarly� the reversibility condition is satis
ed if ��v�q�v� u�� ��u�q�u� v�	
There are several possibilities for the choices of q�u� v� �e	g	� Metropolis et al	
������ Hastings ������� M!uller ������� Tanner ������� Chib and Greenberg
������� Tierney �������	 One possibility is to let q�u� v� � v� u �Metropolis
et al	 ����� where z � v � u is a random increment	 Let z be a symmetric
univariate �or multivariate� distribution �e	g	 normal� t or uniform� centered
at the origin	 The acceptance probability 	�u� v� is in this case

	�u� v� � min���
��v�

��u�
��

q�u� v� is called the probing distribution which lines up the target distribu�
tion	 This choice is also called the �random walk� or �dependent� chain	
Another choice of q�u� v� is called the �independent� chain �Hastings �������
Tierney �������	 In this choice q�u� v� � q�v�� ignoring the current state�
behaves like an importance sampling density	 The 
rst choice need to spec�
ify only the spread while the second choice needs both the location and the
spread of the probing distribution	 The probability that the process does not
move from u is given by

r�u� � ��
Z
	�u� v�q�u� v�dv�

� Prediction and Model Choice

��� The conditional predictive ordinate �CPO�

In the following section we adopt the model choice approach of Gelfand and
Dey ������ for the time series models	 If z � �z�� � � � � zn� denotes the observed
sample then z	r
 denotes the observed data set with r�th observation deleted�
i	e	 z	r
 � �z�� � � � � zr��� zr��� � � � � zn�	 We call f�zrjz	r
� the cross�validation
density and if this density is evaluated at the observed data it is called the
conditional predictive ordinate �CPO�

CPOr � f�Z � zrjz	r
�� ��
�

The product over all CPOs is called pseudo�predictive density or pseudo�
marginal likelihoods f�z� for non�informative priors�

PsML �
nY

r��

CPOr �
nY

r��

f�zrjz	r
�� ����
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The ratio of the pseudo�marginal likelihoods for � models� say I and J � is
called pseudo�Bayes factor �PsBF�

PsBF �
PsML�I�

PsML�J�
�

f�zrjz	r
� I�
f�zrjz	r
� J� � ����

In the case of time series observations we use the notation

Z�n� � �z��p� � � � � zn� and E�n� � ����q� � � � � �n�� ����

The cross�validation density is simply the one step�ahead predictive density
f�znjZ�n�� and the pseudo�marginal likelihood is given by

PsML �
nY

r��

f�zrjZ�r����� ����

For two models I and J the pseudo�Bayes factor is given by

PsBF �
PsML�I�

PsML�J�
� ����

In the next section we show how the pseudo�marginal likelihood PsML can
be calculated from the MCMC sample ���� � � � ��L� of size L	

����� MCMC and pseudo	Bayes factors

In a Bayesian analysis� prediction for a future observation zF proceeds via
the predictive density� f�zF jZn� where Zn is the observed data of size n	 In
practice� the predictive density may be obtained in two ways	 We can treat
the future unknown observation� zF � as unknown parameters in the Gibbs
sampler	 Alternatively� the predictive density can be approximated from the
MCMC sample of the posterior distribution as following�

f�zF jZn� �
Z
f�zF jZn������jZn�d� ����

� �

L

LX
j��

f�zF jZn��j��

where �j� j � �� � � � � L are the output of the Gibbs sampler	 To obtain a
sample of predictions from the density ����� for each �j we draw zF�j from
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f�zF jZn��j� which is simply the well�known conditional likelihood	
Using notation ����� the forecasting predictive density f�ztjZ�t���� can be
written as

f�ztjZ�t���� �

R
f�Z�t�j������d�R
f�Z�t���j������d�

� ����

After some transformations the conditional predictive density in ���� can be
obtained from the MCMC output in the following way�

f�ztjZ�t���� �

R �
�n
k�t��

f	zkjZ�k����


���jZn�d�R �

�n
k�tf	zkjZ�k����



���jZn�d�

�
�L
j��

�
�n
k�t��

f	zkjZ�k����
j


�L
j��

�
�n
k�t

f	zkjZ�k����
j


� ����

This follows from the decomposition

f�Znj�� � f�Z�t���j��
nY

k�t

f�zkjZ�k�������

��� The CPO Plot

For the model choice we use the so�called conditional predictive ordinate
�CPO� plot	 Let dt be the density in ���� evaluated at the observed data	
In comparing two models� the one with the larger ordinates dt is the one
more likely to have produced the zt we observed	 Hence� for say two models
J and I� the ratio dt�J��dt�I� indicates relative support of the observed zt
for model J or model I	 We can plot these ratios or log ratios versus t
to obtain a so�called CPO ratio plot	 In fact� if we aggregate over t and
compute "n

t��dt�J��dt�I� we obtain the pseudo�Bayes factor �PsBF� which�
in the case of improper priors� has been suggested by Gelfand and Dey ������
as an alternative model choice criterion to the Bayes factor �BF�	
For model J the ordinate of the posterior density is calculated in following
way

dt�J� � f�ztjZ�t�� J�

�
PL

l��"
n
j�t���f�zjjZ�j�����l� J����PL

l�� "
n
j�t�f�zjjZ�j�����l� J����

� ����

��



The l � th sample of the parameter vector is �l � ���l� � � � � �nl�	 For model
I the ordinate of the posterior density is

dt�I� � f�ztjZ�t�� I�

�
PL

l�� "
n
j�t���f�zjjZ�j�����l����PL

l��"
n
j�t�f�zjjZ�j�����l����

�

Therefore� the pseudo�Bayes factor for model J vs	 model I is

PsBF � "n
t��

dt�J�

dt�I�
� ��
�

where n is the sample size	
The pseudo�marginal likelihood of the ARMA�p�q� model and an MCMC
sample of the posterior distribution is given by

PsML�p� q� �
TY
t��

dt�p� q�� ����

where dt are the CPO�s from the model with p and q parameters	 We choose
the orders p and q for which the PsML is the largest	
The log pseudo�marginal likelihood is given by

logPsML �
TX
t��

log�dt��

� Examples

We consider the AR�p� model with

yt � ��yt�� � � � �� �pyt�p � �t t � �� ���� n� ����

�t � N��� ����

where yt is the observation at time t	
We present two examples to illustrate our models	 The 
rst example analyses
a data set of monthly exchange rates for the Swiss Frank�Index for the period
June ���� to May ���� �shown in Fig	 � � using AR��� models	 The time
series are analyzed in di�erenced form� giving ��� observations of monthly

��



exchange rates	 The second example estimates AR��� models for daily ex�
change rates of the Swiss Frank�US � in ���� �shown in Fig	 ���	 The time
series is given in di�erenced form� giving ��
 observations of daily exchange
rates	
We ran the results for the normal distribution shown in Fig	 � and Fig	
��� the t distribution with priors v � �� 	� � �� and 
� � ���� shown in
Fig	 � and Fig	 ��� and the hyperbolic distribution with priors 	� � �� and

� � ���� shown in Fig	 
 and Fig	 ��	
The means and standard errors of the parameters are shown in Table � for
the SFr	�Index� and in Table � for the SFr	�US�	 Particularly the histograms
of the SFr	�Index and SFr	�US� are compared with normal� hyperbolic dis�
tribution in Fig	 �� and �� respectively	
For the model selection� we have calculated the pseudo�Bayes factors based
on the conditional predictive ordinates �CPO� for all time points �t � �� ���� T �
AR��� models are shown in Table �	� for the SFr	�Index and SFr	�US� and in
Table �	� we compare the pseudo�Bayes factors in ��
� for up to order p � �
and the t and hyp�ARMA����� model	 For all these models the hyperbolic
AR model turns out to give the best 
t	 In Table �	� we have calculated
the pseudo�marginal likelihood ���� for selection of the order of the order
of ARMA�p�q� process	 The ARMA����� model is selected �from the range
� � p � � and � � q � �� better than the t��ARMA����� model	
The CPO plots for SFr	�Index normal� t� and hyperbolic distribution are
shown in Fig	 �� �� �� and ��	 From these 
gures it is seen that the medians
of the CPO plots are very similar for t innovations and hyperbolic models	
The medians of the CPO plots for t innovations and hyperbolic distribution
are larger than those for normal distribution	
The CPO plots of the SFr	�US� are shown in Fig	 ��	 Again we see from
these 
gures that the medians of the CPO plots are very similar	 The me�
dians of the CPO plots for the hyperbolic are larger than those for normal
distribution and t innovations	 The median of the CPO plots for hyperbolic
AR��� model is larger than those for the AR���� AR��� and AR��� model	

� Conclusions

IThis paper has developed a MCMC technique to estimate ARMA�p�q� mod�
els with tv and hyperbolic distributed innovations	 We have derived the
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complete conditional distributions for simulation of the posterior distribu�
tion by introducing an mixture model for the scale parameters of the normal
distribution	 The convergence of the Gibbs sampler for monthly and daily
exchange rate data �SFr	�US� from June ���� until May ����� was achieved
very quickly	
For the model choice we have used conditional predictive ordinates �CPO�s�
and the pseudo�marginal likelihood �PsML� criterion which was suggested
by Gelfand and Dey ������	 Additionally� pseudo�Bayes factors can be com�
puted to choose between competing models	 From the analysis we see that
the hyp�ARMA����� model dominates the normal or t distributed ARMA
models	 This shows that the exchange rate data favor a leptokurtic dis�
tributed time series model� like the hyp�ARMA�p�q� model	 The leptokurtic
e�ect can be seen also for the predictive distribution	
Using the MCMC approach we can obtain the small sample distribution for
all the parameters and using the pseudo�marginal likelihood criterion we can
do test and model choices	 Further studies will show how the hyp�ARMA
model can be extended to GARCH models and multivariate models �VAR�	

A Appendix� The GIG distribution

A distribution which is not widely known in econometrics is the generalized
inverse Gaussian distribution GIG�x� which has the density

f�xj�� �� 
� � ���
�	��x	��

�K	�
q
�
���

exp���

�
�
x�� � �x�� for x � � ����

where K	��� �see Appendix B� is the modi
ed Bessel function of the third
kind with index �	 The domain of variation of the three parameter GIG
distribution is


 � �� � � � if � � ��


 � �� � � � if � � ��


 � �� � � � if � � ��

Lemma A�
 Properties of the GIG distribution	
Let GIG������� and Ga��� denote GIG and gamma distribution� respectively�

��



and let all random variables be independent	 Then we have the following
distributional equivalences �see Devroye ���
� p	 �����

�a�

GIG��� �� 
� �
�

c
GIG���

�

c
� 
c� for all c � ��

�b�

GIG��� �� 
� �

s
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q
�
�

q
�
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�c�

GIG��� �� �� � GIG���� �� �� � �

�
Ga����

�d�

GIG��� �� 
� �
�

GIG���� 
� �� �

Furthermore the mode is given by

Mode �
�q

�	��



�� � �
� �� �

�
�

Special cases of the GIG distribution are the gamma distribution �
 � ���
the reciprocal gamma distribution �� � ��� the inverse Gaussian distribution
�� � ��

��� and the inverse Gaussian or random walk distribution �� � �
��	

The general hyperbolic density function is a four�parametric density given
by

f�xj�� �� �� �� �
p
��

���� ��K���
q
����

expf��

�
������

q
�� � �x� ����������x����g�

����
where K���� is the modi
ed Bessel function of third kind �see Appendix B�	
If X is general hyperbolic distributed with the parameters �� �� �� and �� i	e	
X � Hyp��� �� �� �� then the 
rst two moments are

E�X� � ��
���� ��

�
p
��

�

V ar�X� � ��

��



Consider the symmetric centered case of the ��parametric hyperbolic distri�
bution Hyp��� �� �� �� that is� � � �� � � �� and

� � �� � �
q
��������

Then the hyperbolic density ��� can be written as a ��parametric hyperbolic
density

f�xj�� ��� � �

��K����� � ��
expf����� � ��

p
�� � x�

�
g� ����

where j � j� � and � � �� �		
In Fig	 �� the standard normal density function is compared with the hyper�
bolic density function ���� for the parameter values with � � ���� � � ��

and � � ��� �for � � ��	
In Fig	 �� the hyperbolic density function in ���� for � � ��� and � � ���
�� � ���� � � ���� � � ��� and � � ���� is compared with the hyperbolic
density function ���� with the di�erent parameter values �� �� � and �	

B Appendix� Bessel function of the third

kind

The Bessel function of the third kind with index � is given by

K��x� � �ln�
x

�
� � ��I��x� �

�

x
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�

�X
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�x����k��

k#�k � ��#
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k
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and � � ��������
 is the Euler constant	
The general Bessel function with index � is de
ned by
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C Appendix� Mixture distributions

C�� t innovations as a normal�gamma mixture

Lemma C�
 The t distribution is a scale mixture of a normal and a gamma
�
���distribution	
Consider a centered normal distribution

�j�� � N��� ����

and the precision ��� is 
��distributed

���j�� � �

v��

�v�

then the standardized variable ��� is t distributed with v degrees of freedom�
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�
j� � tv�

Proof
 Since the 
� distribution is a special case of the gamma distribution
we have
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and integrating out �� yields
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Consider the density function of the standardized variable �� � ����
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then this is clearly a t distribution with v degrees of freedom

�

�
j�� � tv�

C�� Hyperbolic distribution

Lemma C�
 The hyperbolic distribution can be represented as a mixture
of the normal and the general inverse Gaussian �GIG� distribution	
We consider the symmetric hyperbolic distribution ����� so we have to deal
only with the location parameter � and the scale parameter ��	
Consider the central normal distribution

�j�� � N��� ����

and assume a GIG distribution for ��

���j� � �� ��� �� � �

��� � �
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then the mixture distribution is hyperbolic

�j�� � � Hyp��� ���
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Proof
 Because the normal density is

f��j��� � �

�
p
��

expf� ��
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g

and the hyper�parameter �� has the density
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The ��parameter hyperbolic distribution is obtained by integrating out ��

from the joint density
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Figure �� The standard normal densityN��� �� compared with the hyperbolic
density Hyp��� �� and t���	
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Figure �� Monthly exchange rate for Swiss Franc�Index from Jan	 ���� to
May ����
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Figure �� CPO plots of monthly rates�SFr	�Index� for normal AR�p�q� mod�
els
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Figure �� CPO plots of monthly rates�SFr	�Index� for mixture normal�t in�
novations AR�p�q� models
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Figure �� CPO plots of monthly rates�SFr	�Index� for hyperbolic AR�p�
models
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Figure ��� CPO plots of monthly rates�SFr	�Index� for normal� t��AR�p� and
hyperbolic AR�p� models
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