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Abstract

Bayesian analysis of autoregressive moving average models is dis-
cussed with different distributional assumptions for the noise process.
The proposed Gaussian white noise is a mixture distribution where
the hyper-parameter follows two different hyper-distributions to in-
corporate, the t distribution and the hyperbolic distribution. The
Metropolis-Hastings and Gibbs sampler are used for the Bayesian es-
timation. Model selection is a also discussed through the use of the
predictive distribution, pseudo-marginal likelihoods and pseudo-Bayes
factors. The models are estimated for daily and monthly exchange

rates (SFr./US$).
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1 Introduction

Recent research in empirical finance has shown renewed interests in the dis-
tributional properties of returns of securities since the pricing of derivatives
depends heavily on distributional assumptions. The phenomenon of leptokur-
tic distributions of ”"speculative prices” has been known since Mandelbrot
(1963) and Fama (1965), and econometric approaches to model leptokurto-
sis have produced only moderate success. The use of ARCH (autoregressive
conditional heteroskdastic) models which were introduced by Engle (1982) is
popular for modeling volatility clusters, but it could not resolve the puzzle
of the 'right” distributional assumptions.

Many empirical studies for financial time series have shown that the usual
('normal’) Gaussian distributional assumptions are not adequate. For finan-
cial time series it is reasonable to assume that the underlying distribution
has heavier tails, for example a t distribution with low degrees of freedom.
The hyperbolic distribution was suggested by Barndorff-Nielsen et al. (1985)
as an alternative distribution when there is considerably more mass around
the origin and in the tails than in the standard normal distribution. FEngle
(1980) expressed this kind of behavior as leptokurtosis which is very im-
portant in modeling financial data. Eberlein and Keller (1995) applied the
class of hyperbolic distributions and improved the fitness to the empirical
returns. Recently, Barndorff-Nielsen (1997) has suggested to use the normal
inverse Gaussian distribution for stochastic processes in finance and stochas-
tic volatility modeling.

Both, the t distribution and the hyperbolic distribution can be considered as
a mixture of normal distributions. These results are conceptually straight-
forward in Bayesian analysis. Consider a normal distribution with variance
6% for the error term ¢, i.e.

e~ N(0,68%).

Using 62 as a hyper-parameter in a scale mixture of normal distributions, we
can get the ¢ distribution and the hyperbolic distribution by mixing (see Ap-
pendix C). From the Bayesian point of view, the idea of mixing is formulated
in a hierarchical model and the posterior distribution of all the parameters
of the model will be numerically simulated by Markov chain Monte Carlo
(MCMC) methods.

In Section 2 we start with the likelihood for the normal ARMA(p,q) model



and we derive all the complete conditional densities for the parameters of the
t-ARMA and the hyp-ARMA model. We specify hyper-distribution on the
variance of the Gaussian white noise distribution to arrive at ¢ distribution
and hyperbolic distribution.

Model choice and MCMC methods like the Gibbs sampler and the Metropolis-
Hastings algorithm are explained in Section 3. The predictive density is dis-
cussed in Section 4. We study the CPO (conditional predictive ordinate)
plots and the pseudo Bayes factors to select the best model. Since we have
assumed for some parameters a non-informative prior distribution, we use
the approach of Gelfand and Dey (1994) to calculate pseudo Bayes factors.
In Section 5 we illustrate our models with exchange rate data (SFr./US$ from
June 1973 to May 1984). In Section 6 we finish with some conclusions.

In the appendix we discuss the generalized inverse Gaussian (GIG) distribu-
tion, the Bessel function and the hyperbolic distribution.

2 ARMA Processes

Autoregressive moving average models constitute a broad class of parsimo-
nious time series processes which are useful in describing a wide variety of
time series (Box and Jenkins, 1976). The stochastic process {z:}, t € Z is
said to be an ARMA(p,q) process with mean 7 if it is generated by

¢(B)(z: —7) = 0(B)es, (1)

where B is the backshift operator Bz; = z;_y and ¢(B) = 1—¢1B—---—¢,B”
and (B)=1—-6,B —---—0,B? are lag polynomials in B of degrees p and
q, respectively, and ¢; are independent and identically distributed random
variables with mean 0 and variance §2.

2.1 The likelihood for the ARMA (p,q) model

Consider mean centered observations y; = z; — 7, then the ARMA(p,q) pro-
cess in (1) can be written as

p q
ye= iy — > Ojermj+e, t=1,...,T.
=1 j=1



Let fu(zn|Zn-1, Vo) be the conditional density of the observation z, given
all the observed time series values in Z,_; up to time n — 1 and the initial
values Wy. We denote the likelihood for n observations 7, = (z1,-- -, 2,) by
f(Z,;¥) where the parameters are

U= (0,0,7, 6% (2)
with ® = (¢1,---,¢,) and © = (0y,---,6,). Our analysis is based on the con-

ditional likelihood function where Zig) = (21—, -+, 20) and Ejg) = (€14, - -, €0)
are the starting values. The initial values and parameters are given by
Uy = (W, K, Zjo)) and the likelihood function under normality (Gaussian
distribution) can be written as

F(ZaWo) = fi(21|Wo) f2(22|Z1, Wo) - - - falzn|Zn—1, Wo)
= (2re)Femp[- ZW T 3

where the conditional means of the process are

P q
o= Z GiYyi—i — Z 0i(yi—i — Te—i) + 7. (4)
=1 =1

For the prior distribution we assume independent blocks, i.e.
(V) = 7(®)7(O)7(8%)m(7), ()

and we assume a diffuse prior for the location parameters #(®) < 1, 7(0) x 1,
7(7) o 1, and a conjugate inverse gamma (IG) distribution for the scale
parameter &>

1 1
6?) = ——).
") Fagar e M)
The posterior distribution for W is proportional to the product of the likeli-
hood (3) and the prior (5):

m(V|Zy, B, Zio) o< f(Za]V, Eqg), Zio) ) 7w (V)
s (@t E T o g

To apply the Gibbs-Metropolis sampler, we derive from the posterior distri-
bution the so-called complete conditional distribution for blocks of parame-
ters.



The complete conditional densities (c.c.d.) for the ARMA(p,q) parameters
7, O, and ® is via (6) proportional to

)2
(®[W\ D, 7,) uexp[—%], (7)
)2
T(O|v\ 0,7,) mexp[—%], (8)
)2
R0\ 7, 2,) o expl - 2T )
262
The c.c.d. for the residual variance §? is again an inverse gamma distribution
n Qﬂg

m(8*|W\ 6% Z,) = 1G(as + (10)

2724 Bs oy — 7)*
where W\ ® denotes the set of parameters in U without @, and similar for
the other parameters in above c.c.d.’s.

As alternative we could specify an informative (normal) prior for the ARMA(p,q)
parameters in (5), i.e.

7'('((1)7 ®7T) = Np[:uq)v Z@]Nq[ﬂ@)v ZG)]NI:ILLT7O-72']7 (11)

where g, Ys, to, Zo, fir, and o2 are known hyper-parameters. For the in-
formative case the c.c.d.’s in (7), (8), and (9) have to be multiplied by the
normal distributions in (11):

(B0 @, 7,) ox expl - ZL T (20 ) Sa(® — o),
7(O19,0.2,) s exp{~ = T (10 — o) Bo(® — o)),

Z(?Jt - Tt)

R0\ 7, Z,) o exp{ == A e (L — )02,

2.1.1 The ARMA (p,q) model with t distributed innovations

Suppose that, given the parameter o2, vo?/6* has a y? (or gamma) prior
distribution with v degrees of freedom, i.e.,

UCT2
(vo)" 2exp[—2%]

T(0/2)2072 ()17

m(8°%|0?) =

5



By integrating 6% over the product of the normal distribution and the y?*

distribution, we will get the innovations ¢/ as a ¢ distribution with v degrees

of freedom (see Appendix C.1). The c.c.d.’s of 7, ®, O are the same as

in (7) to (9) of the previous subsection and to estimate the ¢ distribution

with v degrees of freedom we have to extend the parameter vector in (2) to
= (0,®,7,6%* ¢%) and the remaining c.c.d.’s are

n+ov 2 )
2 ven(— )
v/24+a, 283, )

2 "0, 42627

where a, and 3, are the known prior hyper-parameters for o2. If the degrees
of freedom v of the ¢ distribution is not known then we can extend the

(52|\Il \ 527 va \IIO) ~ ]G(

(0‘2|\Il \ 027 va \IIO) ~ Ga(

parameters set to U = (U, v) and sample v from a discrete set of integers.

2.1.2 The ARMA (p,q) model with hyperbolic innovations

Suppose that 6% has a generalized inverse Gaussian (GIG) distribution (see
Appendix A) of the form

1
-2
Then the marginal distribution of € has a hyperbolic distribution (Barndorff-

§ ~ G]G()\ =l,xy=VU=¢(7-1). (12)

Nielsen et al., 1985). Now the parameters to be estimated for the hyp-
ARMA (p,q) model (1) are defined by ¥ = (0, ®, 7,62 02, £) and the MCMC
algorithm takes the following form. The c.c.d.’s for 7, ®, © are given by (7),
(8) and (9), of the previous section, respectively.

The c.c.d.’s for 62, 0% and ¢ can be found to be
Yy — 1) bo (P —1)

7T(52|\I/ \ 527 Zn7 \IIO) X (5) exp[—T — 7 — W], (13)
and s (21
2 2 g — g
7T(O' |\I}\0' ,Zn,qlo) X ( ) exp[—;—w— E], (14)
exp[— 5]

TV 2y, W) o (15)

(€2 =K = 1)
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We use for the c.c.d. of ¢ and 6 a normal distribution which is obtained by
an iteration proposal given by

¢ ~ N[¢old7 0-36]7 0 ~ N[eoldv 0-2]

The mean ¢,y = 0.4, 8,4 = 0.0, and the variance 035 = 0.01, ¢ = 0.01 are
obtained iteratively from Metropolis runs (e.g. 3 times thousand runs). We
calculate the mean and variance and repeat the iterative proposal until a
satisfactory acceptance/rejection ratio is obtained.

3 Sampling based methods

3.1 Gibbs sampling

Bayesian inference proceeds by obtaining marginal posterior distributions of
the components of ¥ as well as summary features of these distributions. The
Metropolis-Hastings algorithm is attractive in Bayesian inference since the
marginal or joint posterior distributions are always available up to a multi-
plicative constant. The Gibbs sampler was introduced by Gelfand and Smith
(1990) as a tool for carrying out Bayesian calculations and is a Markovian
updating scheme that proceeds as follows. Suppose we partition ¥ into k
components (W, Wy, ..., Uy). Let m; = 7(V;|{¥,},;2, Z,) denote the com-
plete conditional density (c.c.d.) of W. Given an arbitrary set of starting

values (\1150), \I/(QO), el \IIECO)), we draw

U~ m (]9 e Z,),
v~ e el el 7)),

and so on, up to
v~ e e e 7).

completing one iteration. Thus, each variable is visited in the natural order
and a cycle in this scheme requires k random variate generations. Afterisuch

(i) (D)

iterations we would arrive at (037, W37, ..., \Ilgj)). Under very mild regularity

conditions (see Gelfand and Smith (1990) or Tierney (1994)), this Markov

chain converges to a stationary distribution for large ¢, i.e. (\115”, ey \Ilgj)) and

7



follows a distribution which is approximately the required posterior distribu-
tion w(Wy,...,¥t|Z,). Importantly, each complete conditional distribution
is proportional to the joint density f(Z,;¥) -x(W).

3.2 Metropolis-Hastings Algorithm

The Markov chain Monte Carlo using the Metropolis-Hastings (M-H) algo-
rithm is a general method for the simulation of stochastic processes hav-
ing probability densities known up to a constant of proportionality. The
Metropolis algorithm was originally developed by Metropolis et al. (1953)
and has been widely used by physicists since. Hastings (1970) refined the
Metropolis algorithm and introduced to statisticians in Monte Carlo esti-
mates. The idea of the M-H algorithm is to use a general transition kernel
P(u,v) (based on P(v|u)) and the property of reversibility to get the station-
ary distribution associated with P(u,v). In the continuous case the property
[ P(u,v)dv =1 holds, while in the discrete case P(u,v) is called a transition
matrix and the summation over the discrete states yields 3° P(u,v) = 1. The
property of reversibility means that

7(u)P(u,v) =7 (v)P(v,u)

and the equilibrium distribution associated with P(u,v) is w(u). The M-H
algorithm is the Markov chain Monte Carlo method which uses this result to
generate samples from the desired distribution. Let P(u,v) = a(u,v)q(u,v)
where

m(v)g(v, u))

m(u)q(u, v)”

and ¢(u,v) is any transition kernel on the appropriate space. The P(u,v) sat-
isfies the reversibility condition as follows. Suppose m(v)q(v,u) < m(u)g(u,v),

a(u,v) = min(l,

e (L0

= w(v)g(v,u),

and

m(v)P(v,u) = ﬂ'(v)%(u’v;q(v u)



Similarly, the reversibility condition is satisfied if #(v)q(v,u) > x(u)q(u,v).
There are several possibilities for the choices of ¢(u, v) [e.g., Metropolis et al.
1953), Hastings (1970), Miller (1994), Tanner (1993), Chib and Greenberg
(1993), Tierney (1994)]. One possibility is to let ¢(u,v) = v — u (Metropolis
et al. 1953) where z = v — u is a random increment. Let z be a symmetric
univariate (or multivariate) distribution (e.g. normal, t or uniform) centered
at the origin. The acceptance probability a(u,v) is in this case

m(v)

()
q(u,v) is called the probing distribution which lines up the target distribu-
tion. This choice is also called the "random walk” or "dependent” chain.
Another choice of ¢(u,v) is called the "independent” chain [Hastings (1970),
Tierney (1994)]. In this choice ¢(u,v) = ¢(v), ignoring the current state,

a(u,v) = min(l,

behaves like an importance sampling density. The first choice need to spec-
ify only the spread while the second choice needs both the location and the
spread of the probing distribution. The probability that the process does not
move from u is given by

r(u) =1-— /a(u,v)q(u,v)dv.

4 Prediction and Model Choice

4.1 The conditional predictive ordinate (CPO)

In the following section we adopt the model choice approach of Gelfand and
Dey (1994) for the time series models. If z = (z4,. .., z,) denotes the observed
sample then z(,) denotes the observed data set with r-th observation deleted,
e 2y = (21, 21y Zrg1y - - -, 20 ). We call f(2,|2()) the cross-validation
density and if this density is evaluated at the observed data it is called the
conditional predictive ordinate (CPO)

CPO, = f(Z = z|2)). (16)

The product over all C'POy is called pseudo-predictive density or pseudo-
marginal likelihoods f(z) for non-informative priors:

PsML = ﬁ CPO, = ﬁ (2 |2(y). (17)

r=1 r=1



The ratio of the pseudo-marginal likelihoods for 2 models, say [ and J, is
called pseudo-Bayes factor (PsBF)

PSML(I)  f(zlz.])

PsBF = = . 18
i PsML(J) — f(z 1200, 7) (18)

In the case of time series observations we use the notation
Zr) = (Z1py -y 2n)  and  Epy = (€1-q, ..., €5). (19)

The cross-validation density is simply the one step-ahead predictive density
f(2n]Z}n)) and the pseudo-marginal likelihood is given by

PsML = H f(ZT|Z[7’—1])‘ (20)

r=1
For two models [ and J the pseudo-Bayes factor is given by

PsML(I)

PsBF = )
i PsML(J)

(21)

In the next section we show how the pseudo-marginal likelihood PsML can

be calculated from the MCMC sample (Uy,...,¥y) of size L.

4.1.1 MCMC and pseudo-Bayes factors

In a Bayesian analysis, prediction for a future observation zp proceeds via
the predictive density, f(zp|Z,) where Z, is the observed data of size n. In
practice, the predictive density may be obtained in two ways. We can treat
the future unknown observation, zp, as unknown parameters in the Gibbs
sampler. Alternatively, the predictive density can be approximated from the
MCMC sample of the posterior distribution as following:

FerlZa) = / P\ 2, W)m (W] Z,)d (22)

%

L
]=1

where W;, 5 = 1,---, L are the output of the Gibbs sampler. To obtain a
sample of predictions from the density (22), for each ¥; we draw zg; from

10



f(zr|Z,, ¥ ) which is simply the well-known conditional likelihood.
Using notation (19), the forecasting predictive density f(z¢|Z_1]) can be
written as

. _ [ Zg|9)m(¥)dw
Tl ) = 5™ e ae

After some transformations the conditional predictive density in (23) can be
obtained from the MCMC output in the following way:

(23)

1 7 (W|Z,)dV

J p_ oy ekl 2 ), ¥

f(Zt|Z[t—1]) =
7 (V|Z,)dW

1
J op_, fzel 21 -1, ¥

L 1
=1 L (el 2k 1), 95)

ZL

1
J=1 HZ:tf(ZHZ[k—l]v‘ljj)

[

(24)

This follows from the decomposition

n

FZa|9) = f(Zp—ny|9) T] f (24l Zpp), ©).

k=t

4.2 The CPO Plot

For the model choice we use the so-called conditional predictive ordinate
(CPO) plot. Let d; be the density in (24) evaluated at the observed data.
In comparing two models, the one with the larger ordinates d; is the one
more likely to have produced the z; we observed. Hence, for say two models
J and [, the ratio di(.J)/d;(I) indicates relative support of the observed z
for model J or model I. We can plot these ratios or log ratios versus t
to obtain a so-called CPO ratio plot. In fact, if we aggregate over t and
compute 17, d;(.J)/d:(I) we obtain the pseudo-Bayes factor (PsBF) which,
in the case of improper priors, has been suggested by Gelfand and Dey (1994)
as an alternative model choice criterion to the Bayes factor (BF).

For model J the ordinate of the posterior density is calculated in following
way

dt(J) = f(Zt|Z[t]7 J)
ZILZI H?:t-l—l [f(Z]|Z[]_1]7 qjl? ‘])]_1
Sy W2, f (24 2oy, W0, )]

(25)

11



The [ — th sample of the parameter vector is W; = (11, ..., ). For model
I the ordinate of the posterior density is

dt(]) = f(Zt|Z[t]7 ])
ZILZI H?:t-l—l [f(Z]|Z[]_1]7 q}l)]_l
S W, [f (2] 2oy, W)

Therefore, the pseudo-Bayes factor for model J vs. model [ is

_ 1" dt(‘])
PSBE =Ly (26)

where n is the sample size.
The pseudo-marginal likelihood of the ARMA(p,q) model and an MCMC

sample of the posterior distribution is given by

PsML(p.q) = [1 di(p. ). (27)

where d; are the CPO’s from the model with p and ¢ parameters. We choose
the orders p and ¢ for which the PsML is the largest.
The log pseudo-marginal likelihood is given by

T
logPsML = log(d;).

=1
5 Examples
We consider the AR(p) model with
Y = ¢1yt—1+"'+¢pyt—p+6t t = 17"‘7”7 (28)
€ ~ N(Ov 52)7

where y; is the observation at time ¢.

We present two examples to illustrate our models. The first example analyses
a data set of monthly exchange rates for the Swiss Frank/Index for the period
June 1973 to May 1984 (shown in Fig. 3 ) using AR(1) models. The time

series are analyzed in differenced form, giving 150 observations of monthly

12



exchange rates. The second example estimates AR(1) models for daily ex-
change rates of the Swiss Frank/US $ in 1987 (shown in Fig. 11). The time
series is given in differenced form, giving 246 observations of daily exchange
rates.

We ran the results for the normal distribution shown in Fig. 4 and Fig.
12, the t distribution with priors v = 4, o, = 1, and f, = 1000 shown in
Fig. 5 and Fig. 13, and the hyperbolic distribution with priors o, = 1, and
Bs = 1000 shown in Fig. 6 and Fig. 14.

The means and standard errors of the parameters are shown in Table 2 for
the SFr./Index, and in Table 3 for the SFr./USS. Particularly the histograms
of the SFr./Index and SFr./US$ are compared with normal, hyperbolic dis-
tribution in Fig. 17 and 18 respectively.

For the model selection, we have calculated the pseudo-Bayes factors based
on the conditional predictive ordinates (CPO) for all time points (t = 1,...,T)
AR(1) models are shown in Table 1.1 for the SFr./Index and SFr./US$ and in
Table 1.2 we compare the pseudo-Bayes factors in (26) for up to order p = 4
and the ¢t and hyp-ARMA(1,1) model. For all these models the hyperbolic
AR model turns out to give the best fit. In Table 1.3 we have calculated
the pseudo-marginal likelihood (27) for selection of the order of the order
of ARMA(p,q) process. The ARMA(1,1) model is selected (from the range
I <p<4and 1< g<A4) better than the t,-ARMA(1,1) model.

The CPO plots for SFr./Index normal, ¢, and hyperbolic distribution are
shown in Fig. 7, 8,9, and 10. From these figures it is seen that the medians
of the CPO plots are very similar for t innovations and hyperbolic models.
The medians of the CPO plots for t innovations and hyperbolic distribution
are larger than those for normal distribution.

The CPO plots of the SFr./US$ are shown in Fig. 15. Again we see from
these figures that the medians of the CPO plots are very similar. The me-
dians of the CPO plots for the hyperbolic are larger than those for normal
distribution and t innovations. The median of the CPO plots for hyperbolic
AR(1) model is larger than those for the AR(2), AR(3) and AR(4) model.

6 Conclusions

[This paper has developed a MCMC technique to estimate ARMA(p,q) mod-
els with ¢, and hyperbolic distributed innovations. We have derived the

13



complete conditional distributions for simulation of the posterior distribu-
tion by introducing an mixture model for the scale parameters of the normal
distribution. The convergence of the Gibbs sampler for monthly and daily
exchange rate data (SFr./US$ from June 1973 until May 1984) was achieved
very quickly.

For the model choice we have used conditional predictive ordinates (CPO’s)
and the pseudo-marginal likelihood (PsML) criterion which was suggested
by Gelfand and Dey (1994). Additionally, pseudo-Bayes factors can be com-
puted to choose between competing models. From the analysis we see that
the hyp-ARMA(1,1) model dominates the normal or ¢ distributed ARMA
models. This shows that the exchange rate data favor a leptokurtic dis-
tributed time series model, like the Ayp-ARMA(p,q) model. The leptokurtic
effect can be seen also for the predictive distribution.

Using the MCMC approach we can obtain the small sample distribution for
all the parameters and using the pseudo-marginal likelihood criterion we can
do test and model choices. Further studies will show how the hyp-ARMA
model can be extended to GARCH models and multivariate models (VAR).

A Appendix: The GIG distribution

A distribution which is not widely known in econometrics is the generalized
inverse Gaussian distribution GIG(x) which has the density

—<¢/X>A/2$A_1 ex —l 1 x or x
T g ] for 2z (@9)

where K)(-) (see Appendix B) is the modified Bessel function of the third
kind with index A. The domain of variation of the three parameter GIG
distribution is

fxI\ e, x) =

x>0, v>0 of A<O;
x>0, >0 2f A=0;
x>0, v>0 «f A>0.

Lemma A1: Properties of the GIG distribution.
Let GIG(-,,-) and Ga(-) denote GIG and gamma distribution, respectively,

14



and let all random variables be independent. Then we have the following
distributional equivalences (see Devroye 1986, p. 479):

(a)

1
GIG(A ¢, x) = —GIG(A, g,xc) for all ¢>0.
c

c

(b)
GIG(N, o, y) = ﬁam@, Vo),

(©)
GIGON b, ) = GIG(=\ 16, 0) + ~Ga(N),

W
(d) '
GIG(A = .
( 777Z)7X) G]G(—)\7X777Z))
Furthermore the mode is given by
1 A—1

Mode = = —
VO Y
Special cases of the GIG distribution are the gamma distribution (y = 0),

the reciprocal gamma distribution (¢» = 0), the inverse Gaussian distribution
(A = —32), and the inverse Gaussian or random walk distribution (A = 1).

The general hyperbolic density function is a four-parametric density given
by
Ve

x|, vy, 0, 1) =
fleez. o0 6(d+7)K1(61/(67)

capl=5l(6+9)y/5 + (o — (6= =]},

(30)
where K1(-) is the modified Bessel function of third kind (see Appendix B).
It X is general hyperbolic distributed with the parameters ., ¢, 6, and ~, i.e.
X ~ Hyp(p, ¢,6,7) then the first two moments are

B0 =+ U
Var(X) =146



Consider the symmetric centered case of the 4-parametric hyperbolic distri-

bution Hyp(u, ¢,06,~) that is, g =0, ¢ =, and

£=(1+6/o7) 2

Then the hyperbolic density (8) can be written as a 2-parametric hyperbolic
density

1 (- 1)\/52—|—:1;Q}
26K, (62 —1) "7 § :

flale.6%) = (31)
where | £ |[< 1 and 0 < §* < oo.

In Fig. 1, the standard normal density function is compared with the hyper-
bolic density function (30) for the parameter values with £ = 0.5, £ = 0.6
and ¢ = 0.7 (for 6 = 1).

In Fig. 2, the hyperbolic density function in (31) for £ = 0.5 and 6 = 1.0
(g =0.0,6 = 1.0, ¢ = 3.0 and v = 3.0) is compared with the hyperbolic
density function (30) with the different parameter values p, 8, ¢ and ~.

B Appendix: Bessel function of the third
kind

The Bessel function of the third kind with index 1 is given by

o) = nC) 4l + 5 = 3 (o0 + 4 1)
with . ;
he) =5+ 5=+ mgt
SR =144t () =0,

and v = 0.5772156 is the Euler constant.
The general Bessel function with index A is defined by

1 o]
Ky(2) = 5/ cosh()\u)e_m“h(“)du.

— 00
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When (A = 1) or (A = —1), we find

K_;_(\/;/Ty) = 71_(577)% Ccos \/;/Ty

C Appendix: Mixture distributions

C.1 ¢ innovations as a normal-gamma mixture

Lemma C1: The ¢ distribution is a scale mixture of a normal and a gamma
(x?)-distribution.
Consider a centered normal distribution

|82 ~ N(0,62),

and the precision 6§72 is y2-distributed
_ 1
§7%|o% ~ EX?N
then the standardized variable ¢/c is ¢ distributed with v degrees of freedom:

SIS~ 1
ag

Proof: Since the y? distribution is a special case of the gamma distribution

we have ,
§o = ”512 ~ Gal(v)2,1/2),
e(dy) = ) eep{ =5
[(v/2)2v/2 ’
o - el
F(U/Q)Qv/2(52)v/2—|—l7
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and integrating out 62 yields

r(clo?) = /6271'(6|52)7T(52|02)d52

— ! e:z:p{—i (vo?) Perp{—55 dé*
2 /2762 2627 T'(v/2)2v/2(62)v/2+1
DS+ 2)~F

o l'(v/2)y/7v
Consider the density function of the standardized variable ¢y = ¢/o,
I G ] U =
o’ ol'(v/2)y/7v
P+ )
['(v/2)y/7v ’

then this is clearly a ¢ distribution with v degrees of freedom

S182 ~ty
ag

C.2 Hyperbolic distribution

Lemma C2: The hyperbolic distribution can be represented as a mixture
of the normal and the general inverse Gaussian (G distribution.

We consider the symmetric hyperbolic distribution (31), so we have to deal
only with the location parameter ¢ and the scale parameter §2.

Consider the central normal distribution

€|8” ~ N(0,6%),

and assume a GIG distribution for 62

g

&7 -1

(6*|A=1,0%8) ~ GIGA=1,1,672 = 1)

then the mixture distribution is hyperbolic
6|07 f ~ Hyp(a, f)

18



Proof: Because the normal density is

1 €
f(6|52) = 5@617}7{_@}

and the hyper-parameter 6 has the density

cop{—3[* 4 5]} 2 -1

7T(52|0'27€) = 20_[(1(5_2 _ 1) o2

The 2-parameter hyperbolic distribution is obtained by integrating out &2
from the joint density

exp{— —5_2_1 \/m}
20'[(1(5_2 —1) ’

[ ()8l ) =
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SFr./Index | SFr./US$
Hyp/Nor | 717.75232 | 1.07906
Hyp/t(4) | 69.84747 | 1.47507
t(4)/Nor | 10.27599 | 0.731085

Table 1.1: Pseudo-Bayes factors (PsBF) of AR(1) models for
SFr./Index and SFr./US$

AR(2) | AR(3) [AR(4) [ ARMA(L 1)
Hyp/Nor | 7767.93 | 3630.67 | 8.7701 | 272.2072
Hyp/t(4) | 1123.82 | 8172.67 | 7.7890 | 237.4144
t(4)/Nor |6.91207 | 0.4442 | 1.1259 1.1465

Table 1.2: Pseudo-Bayes factors (PsBF) of AR(2), AR(3),
AR(4) and ARMA(1,1) models for SFr./US$

hyp ARMA | £-ARMA | 12 ARMA | {3 ARMA | ;- ARMA
209.5067 | 307.1074 | 299.0349 | -299.2931 | -308.0917
1206.2734%% | -302.2248* | -296.9265* | -297.3909* | -297.1681*
1206.3969 | -306.1095 | -298.4662 | -298.5534 | -297.7808
1209.3074 | -307.5711 | -298.6821 | -298.6272 | -300.7323
1300.6974 | -305.7271 | -299.5723 | -299.9052 | -301.6563
208.1801 | -306.5814 | -300.3152 | -300.6721 | -297.3510
1209.4493 | -307.4177 | -301.2512 | -301.7273 | -298.9292
209.1183 | -306.6823 | -299.6388 | -300.5126 | -298.0368
1303.2661 | -305.5267 | -300.8965 | -301.3012 | -319.9409
301.3219 | -304.6712 | -301.6731 | -302.6388 | -317.6383
307.2369 | -306.0763 | -302.7483 | -303.7481 | -326.7722

ts-ARMA | ts-ARMA | t.-ARMA | t5-ARMA | t5-ARMA
-296.9873 -296.9852 | -296.7322 | -296.7311 | -297.1494

— R e N = = = e W N~ T

— O | WY W = === O

Table 1.3: The log marginal likelihood (PsML) for SFr./US$
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Nor t(4) Hyp Model
Mean St. error Mean St. error Mean St. error

¢1 | 0.40683 | 8.81e-04 | 0.40953 | 3.65e-04 | 0.40428 | 4.94e-04 | AR(1)
6 | 3.18054 | 2.55e-03 | 3.08906 | 2.41e-03 | 3.18421 | 2.56e-03
o 1.12084 | 3.81e-03 | 6.28449 | 3.72e-03
13 0.57964 | 6.86e-04

¢1 | 0.48602 | 1.00e-03 | 0.48398 | 4.15e-04 | 0.48555 | 5.32e-04 | AR(2)
@9 | -0.18871 | 1.01e-03 | -0.18908 | 4.05e-04 | -0.19215 | 5.28e-04
6 | 3.16668 | 2.60e-03 | 3.00549 | 2.32¢-03 | 3.07802 | 2.55e-03
o 1.12561 | 3.88e-03 | 6.31098 | 3.96e-03
13 0.58340 | 7.18e-04

¢1 | 0.48580 | 1.02e-03 | 0.48497 | 4.17e-04 | 0.48661 | 5.38¢-04 | AR(3)
P9 | -0.19785 | 1.18e-03 | -0.19827 | 4.28e-04 | -0.19884 | 5.88e-04
¢3 | 0.01776 | 1.04e-03 | -0.01679 | 3.94e-03 | -0.01866 | 5.55e-04
6 | 3.26154 | 2.99e-03 | 3.00013 | 2.21e-03 | 3.08530 | 2.40e-03
o 1.08220 | 3.73e-03 | 6.11120 | 3.54e-03
13 0.58173 | 6.95e-04

¢1 | 0.48046 | 1.07e-03 | 0.48809 | 3.93e-04 | 0.49098 | 5.46e-04 | AR(4)
P9 | -0.17889 | 1.14e-03 | -0.19393 | 4.34e-04 | -0.19412 | 5.97e-04
¢s3 | -0.01167 | 1.21e-03 | 0.00108 | 4.31e-04 | -0.00103 | 5.89e-04
¢4 | 0.03616 | 1.10e-03 | 0.03483 | 3.80e-04 | 0.03726 | 5.42e-04
6 | 3.35717 | 2.91e-03 | 3.01753 | 2.25e-03 | 3.08315 | 2.43e-03
o 1.08712 | 3.79e-03 | 6.49160 | 3.78e-03
13 0.57391 | 7.02e-04

Table 2: The means and standard errors of the parameters ¢, 6, ¢ and & for

Skr./Index
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Nor t(4) Hyp Model
Mean St. error Mean St. error Mean St. error
¢1 | 0.00807 | 2.95e-06 | 0.00809 | 2.00e-06 | 0.01001 | 2.68e-04 | AR(1)
6 | 0.00013 | 4.80e-08 | 0.00012 | 4.52¢-08 | 0.00012 | 4.42e-08
o 0.00006 | 2.60e-08 | 0.00028 | 1.05e-06
13 0.57587 | 4.41e-04
¢1 | 0.00862 | 3.03e-06 | 0.00864 | 1.90e-06 | 0.00942 | 2.65e-04 | AR(2)
P9 | -0.06336 | 2.97e-06 | -0.06335 | 2.25e-06 | -0.06319 | 2.62e-04
6 | 0.00013 | 4.58e-08 | 0.00012 | 4.17e-08 | 0.00012 | 4.48e-08
o 0.00006 | 2.48e-07 | 0.00024 | 9.07e-07
13 0.58712 | 4.29e-04
¢1 | 0.00296 | 2.86e-06 | 0.00292 | 1.97e-06 | 0.00087 | 2.68e-04 | AR(3)
P9 | -0.06266 | 3.05e-06 | -0.06270 | 2.22¢-06 | -0.06292 | 2.64e-04
¢3 | 0.09176 | 3.07e-06 | -0.09176 | 2.00e-06 | -0.09280 | 2.63e-04
6 | 0.00013 | 4.60e-08 | 0.00012 | 4.34e-08 | 0.00012 | 4.70e-08
o 0.00006 | 2.56e-07 | 0.00022 | 8.33e-07
13 0.59721 | 4.37e-04
¢1 | 0.