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Chapter �

Introduction

��� Hardware and software

This package is written for S
PLUS� Since the compiled Fortran code runs faster than interpreted

S
PLUS code� all the model functions are written in C or in Fortran ��� All the compiled codes are

well written� tested and linked to S
PLUS�

The current PC version ��� of the BASEL package can be run on any PC with S
PLUS ��� and

Windows 	�� 	� or NT� You must have WinZip software on your PC�

��� Installation

����� Distribution

The BASEL package can be downloaded from the Internet� Go to

http���www�unibas�ch�iso� select �Programs� and then �Basel� in the menu on the left
hand side of

the screen� There are two �les to download� the package itself and the user�s manual� which you are

currently reading� You can also ask for a set of the BASEL package disks instead� In this case� you

will be charged for the cost of diskettes and delivery�

����� How to install

First make a directory �Basel�PC� on your C� disk with the subdirectory �object� and then extract

all �les from Basel�PC�zip to this subdirectory� You�ll need to download the program �winzip� if you

don�t have it�

Start the program S
Plus and open the �le �baselpackage� from subdirectory �object��

Run the program �baselpackage� and all functions and default data will then be available for use�

�
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Read the User�s Guide 
ps �le� and learn step by step how to use the functions� If there are any

installation problems� please contact Lei Ren 
e
mail�lei�iso�iso�unibas�ch��

��� About this manual

In Chapter � we brie�y introduce Markov chain Monte Carlo 
MCMC� methods including the Gibbs

sampler and the Metropolis algorithm� We also discuss three convergence diagnostics used to check

the convergence of Monte Carlo Markov chains�

In chapters � and � we illustrate the functions with examples�

Bernardo and Smith 
�		�� contains an extensive list of textbooks or monographs on Bayesian infer


ence� Zellner 
�	��� and Poirier 
�		�� give excellent introductions to Bayesian inference in economet


rics in two di�erent manners� Polasek 
�		�� mainly compiles updated material of Bayesian studies on

several time series models� and especially provides a solid background for the present manual� Hamil


ton 
�		�� is a recent volume on time series analysis� Cowles and Carlin 
�		�� provides a survey

on convergence diagnostics� There are plenty of books on S
Plus including the S
Plus documentation


�		��� A list of some useful Internet addresses is as follows�

http���lib�stat�cmu�edu large free library of statistical software

http���www�mathsoft�com�splus� manufacturer of SPlus

s
news�wubios�wustl�edu SPlus discussion list

http���www�stat�mat�ethz�ch�S
FAQ frequently asked questions of that list

Most of the manual is based on contributions and e�orts made by all members of the group� Lei

Ren� Momtchil Pojarliev� Carolyn Holliger� led by Professor Wolfgang Polasek� It also bene�ts from

the assistance of several colleagues at the ISO� WWZ� University of Basel in one way or another�

Their valuable help is gratefully acknowledged�



Chapter �

Markov chain Monte Carlo

Methods

In this chapter� we brie�y describe Markov chain Monte Carlo 
MCMC� methods which have recently

become very popular in statistical analysis� especially in Bayesian inference� The idea is to simu


late a Markov chain whose stationary distribution is the distribution of interest 
usually a posterior

distribution in Bayesian inference��

There are two main methods for generating a Markov chain� One of these is the Gibbs sampler


Geman and Geman� �	���� which was popularized by Gelfand and Smith 
�		��� The other method

is the Metropolis algorithm 
Metropolis et al�� �	���� Hastings 
�	��� provides a generalization of the

Metropolis algorithm� For introductions or reviews of these theories and their applications� see e�g��

Casella and George 
�		��� Besag and Green 
�		��� Tierney 
�		�� and Chib and Greenberg 
�		���

��� The Gibbs sampling algorithm

Suppose we wish to sample from the joint distribution �
��� � � � � �k� or frommarginal distributions such

as �
�i� of a random vector � � 
��� � � � � �k�� where �i might be a vector or scalar� The Gibbs sampler

enables us to draw random samples from this joint distribution in situations where �
��� � � � � �k� is

unknown or not available� but where the conditional distributions

p
�ijf�j� j �� ig�

are available for sampling for all i � �� � � � � k�

�
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Gibbs sampling consists of the following iterative updating scheme�

Step � Choose a starting value ���� � 
�
���
� � � � � � �

���
k ��

For i � �� �� � � �

Step � Draw �
�i�
� from p
��j�

�i���
� � � � � � �

�i���
k ��

Step � Draw �
�i�
� from p
��j�

�i�
� � �

�i���
� � � � � � �

�i���
k ��

���

Step k Draw �
�i�
k from p
�kj�

�i�
� � � � � � �

�i�
k����

It can be shown that under mild conditions the Markov chain converges� i�e��

��i� � �

in distribution as i���

��� The Metropolis algorithm

The Metropolis algorithm shares many of the characteristics of the Gibbs sampler� but is more gen


erally applicable� as it allows us to sample from di�cult distributions�

Again� suppose we are interested in sampling from the joint distribution p
�� of a random vector ��

The Metropolis algorithm begins with the choices of the proposal distribution p
��j��i�� and a starting

parameter value �����

The Metropolis algorithm consists of the following iterative update scheme�

Step � Choose a starting value �� and the proposal distribution p
��j��i��

For i � �� �� � � �

Step � Draw �� from p
��j��i�����

Step � Calculate � � minf�� p����
p���i����

g�

Step � Accept �� as ��i� with a probability �� Otherwise set ��i� � ��i����

The candidates of the proposal distribution include a normal distribution or a t�distribution� If the

proposal distribution is not symmetric� the acceptance probability � is replaced by

� � min

�
��

p
���p
��i���j���

p
��i����p
��j��i����

�
�

This generalization is called the Hastings algorithm 
Hastings� �	����

In some applications� it is di�cult or impossible to sample from some conditional distributions

p
�ijf�j� j �� ig� encountered in the Gibbs sampler� However� the Metropolis 
Hastings� algorithm can

be included to update �i in the Gibbs sampler 
see Tierney� �		��� This is called the Metropolis 
or

Hastings� within Gibbs algorithm�
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��� Diagnostics for MCMC algorithms

As the theory shows� a Markov chain generated from a MCMC algorithm converges to the distribution

of interest as iterations go toward in�nity� However� in practice� we have to stop a chain at a certain

iteration where the chain is considered close to the posterior distribution�

There are several criteria for checking the convergence of MCMC algorithms 
see� for example� Cowles

and Carlin 
�		��� and Brooks and Roberts 
�		���� We provide three convergence diagnostics pro


posed by Geweke 
�		��� Rafty and Lewis 
�		��� and Gelman and Rubin 
�		���

Many researchers prefer to look at the Markov chains proper� Examination of the autocorrelation

function 
acf� of each Markov chain serves the same purpose� An option of the function CF com


putes cross
correlations between di�erent Markov chains as well� High correlations indicate a poor

variability in sampled values�
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Univariate Models

��� Univariate models with fractional prior

����� The marginal likelihood of a regression model with fractional prior

Model de�nition

We consider the linear model

yt � �� � ��x
�
t � � � �� �Mxx

Mx
t � ut 
����

with a T � 
��Mx� regression matrixX of full rank� De�ne X
�

� 
x�� � � � � xT �� xi � 
�� x�i � � � � � x
Mx
i ��

y � 
y�� � � � � yT � and � � 
��� � � � � �Mx� then the normal linear regressor model is giv
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Data description

We use monthly returns of the MSCI indices� The S
Plus object MSCI is a matrix which contains

the monthly returns of the MSCI indices for North America� France� Germany� Switzerland� UK�

Spain and the Paci�c in USD from February �		� until September �			� MSCI�W is a vector with

the monthly returns of the MSCI world index in USD for the same time horizon� The vector cpi�re

contains monthly returns of the real consumer expenditure in the USA for the same period�

Module usage

Function Name	

mlfra

Usage	

mlfra�dataY�Mx�dataX�b�

Required Arguments	

dataY� a univariate time series or vector of length T �

Mx� the number of columns of the dataX matrix�

dataX� a T � 
� �Mx� matrix of time series or a vector�

b� the fractional parameter 
default b � ��T ��

Example	

�ml�model�	mlfra�MSCI
����Mx
��MSCI�W��

According to the capital asset pricing model 
CAPM� the returns on an asset should equal the risk
free

rate of return plus a risk premium� given by returns on the market portfolio� In order to compute a

given asset�s beta� a measure of the asset�s sensitivity to market �uctuations� we regress the asset�s

returns on the �market return�� which is here approximated by the MSCI world index� To estimate

this beta� we simply �t the following regression with the fractional prior distribution�

yt � �� � ��x
�
t � ut� 
����

The dependent variable is in each case a vector of the returns on the individual country index and the

independent variable is a vector of the returns on the world index� or market portfolio� The results

can then be stored as an object ml�model� The function names gives the components of the object

ml�model� which are beta� sigma and log�ML� The �rst component of beta is the intercept� or ���

and the second is the the slope coe�cient� ���

The component log�ML gives the marginal likelihoods of the regression model� Sigma is the residual

standard error� In our case we have a slope of ������ which is the estimated beta according to the

CAPM� If the whole market changes by a factor of �� the MSCI North America index will change by

a factor of ������

Model output of the function mlfra is given as�
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�beta� ��� ���������� ����������� which is the OLS estimate of 
�����

�sigma� ��� ���������� which is the ML estimate of the standard deviation 
the sqaure root of 
�����

�log�ML� ��� ��������

The fractional likelihood in 
���� is given by the following fractional parameter� b � ���������

����� The fractional marginal likelihood for the regression model with out�

liers

Model de�nition

In this section we consider the univariate regression model with outliers� Let y be a T � � vector of

the dependent variable� We consider T outlier models� indexed by j � �� � � � � T � i�e�

y � Xj�j �Dj� � 	� j � �� � � � � T� 
����

where Dj is a dummy variable� i�e� the j
th unity vector of length T � y � 
y�� � � � � yT �� X
�

j �


x�j� � � � � xTj�� xij � 
�� x�ij� � � � � x
Mx
ij �� y � 
y�� � � � � yT �� �j � 
�j�� � � � � �

j
Mx� and � is the regression

coe�cient which measures the size of the outlier e�ect at observation j of the regression model�

The univariate outlier model can be written in compact form as

y �  Xj
 �j � 	 
��	�

with  Xj � 
X � Dj� and  �j � 
�j � ��� If no confusion is possible� we will drop the index j� The

ordinary least squares or OLS estimate of model 
��	� is given by

� �j � 
  X
�

j
 Xj�

��  X
�

jy� 
�����

Assuming a fractional prior distribution� the fractional marginal likelihood is given by

f�b 
yjj� � b
Tb��
� 
�ESSj �

�T �b������

�
T � �

�

�
��

�
Tb� �

�

�
� 
�����

Proof�

O�Hagan 
�		�� considers for the regression model the non
informative class of priors p
�� ��� � ��t

where t can be any integer� In this manual we will use t � � for all fractional priors� For details see

also Polasek and Ren 
�		���

Module usage

Function Name	

mloutfra

Usage	

mloutfra�dataY�Mx�dataX�year�month�b�
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Required Arguments	

dataY� a univariate time series or a vector�

Mx� the number of columns of the X matrix�

dataY� a matrix of time series or a vector�

year� indicates the begin of the time horizon� 
Needed for graph�

month� indicates the begin of the time horizon�
Needed for graph�

b� fractional parameter b � ��T �

Example	

�mloutfra�MSCI
����Mx
��MSCI�W�year
����� month
���

The command above will plot the dependent time series and the marginal likelihood� Reference�

see Polasek and Ren 
�		��

����� The marginal likelihood of an ARX regression model with a frac�

tional prior

Model de�nition

We consider the linear autoregressive model

yt � �� � ���x
�
t�� � � � �� ��px

�
t�p � � � �� �Mx

� xMx
t�� � � � �� �Mx

p xMx
t�p � ut 
�����

with a T � 
� � pMx� regression matrix X of full rank� and k � pMx � �

y � N �X�� ��IT �� 
�����

The fractional marginal likelihood with b � 
�� �� is given by

f�b 
y� � b
Tb�k

� 
�ESS���T�Tb����

�
T � k

�

�
��

�
Tb� k

�

�
� 
�����

If b � k
T � then

Tb�k
� � � and

f�b 
y� � 
�ESS��
T�k

� �

�
T � k

�

�
� 
�����

where

ESS � 
y �X ����
y �X ���� �� � 
X�X���X�y� ��� �
ESS

T � p
� 
�����

Module usage

Function Name	

marfra

Usage	

marfra�dataY�Mx�dataX�pmax�b�
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Required Arguments	

dataY� a univariate time series or a vector�

Mx� the number of columns of the X matrix�

dataX� a matrix of time series or a vector�

pmax� the maximum order of the AR process� Default� � b� the fractional parameter b �

k�T � Default� �

Example	

�ar�models�	marfra�MSCI
����Mx
��MSCI�W�pmax
���

In this example we regress the returns of the MSCI North America index on the lagged returns of

the MSCI world index in USD� You can �t p ARX models and store them as an object ar�model

with the function above� The function names gives the components of the object ar�models�

which are beta� sigma and log�ML� Beta is a matrix with the number of columns equal to the

�tted ARX models� in this case �ve� The �rst column contains the coe�cient from the ARX
��

model and the last the coe�cient from the ARX
�� model� The component log�ML is a vector

of the marginal likelihoods for each model� The highest element of this vector gives us the order

of the optimal AR process� In this case� element four is the highest� so we choose the ARX
��

model�

�beta�


��� 
��� 
��� 
��� 
���


��� ��������� ��������� ��������� ��������� ���������


���	��������� 	��������� 	��������� 	��������� 	���������


��� ��������� 	��������� 	��������� 	��������� 	���������


��� ��������� ��������� 	��������� 	��������� 	���������


��� ��������� ��������� ��������� 	��������� 	���������


��� ��������� ��������� ��������� ��������� 	���������

�sigma� 
�� ��������� ��������� ��������� ��������� ���������

�this is the standard deviation given in �����

�log�ML� 
�� ������� ������� ������� ������� �������

The fractional parameter b� 
�������

����� The fractional marginal likelihood for the ARX�p� model with out�

liers

Model de�nition

In this section we consider the univariate autoregressive model with outliers� Let y be a T � � vector

of the dependent variable and� in the case of an AR process of order p the �rst column of X is a

vector of ones and the other columns are p lags such that k � p� �� The ARX
p� option speci�es a
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T � 
k� p� matrix of the full rank of independent variables and the AR terms� We consider T outlier

models� indexed by j � �� � � � � T � i�e�

y � Xj�j �Dj� � 	� j � �� � � � � T� 
�����

where Dj is a dummy variable� i�e� the j
th unity vector of length T � � is the regression coe�cient

which measures the size of the outlier e�ect at observation j on the regression model�

The univariate outlier model can be written in compact form as

y �  Xj
 �j � 	 
�����

with  Xj � 
X � Dj� and  �j � 
�j � ��� If no confusion is possible� we will drop the index j� The

ordinary least squares 
OLS� estimate of model 
����� is given by

� �j � 
  X
�

j
 Xj�

��  X
�

jy� 
���	�

Assuming a fractional prior distribution� the fractional marginal likelihood is given by

f�b 
yjj� � b
Tb�k

� 
�ESSj �
�
T 
b� ��

�
�

�
T � k

�

�
��

�
Tb � k

�

�
� 
�����

Proof�

O�Hagan 
�		�� considers for the regression model the non
informative class of priors p
�� ��� � ��t

where t can be any integer� In this paper we will use t � � for all fractional priors�

Reference� see Polasek and Ren 
�		���

Module usage

Function Name	

maroutfra

Usage	

maroutfra�dataY�Mx�dataX�pmax�year�month�

Required Arguments	

dataY� a matrix of time series or a vector 
y in ������

Mx� the number of columns of the X matrix�

dataX� a matrix of time series or a vector�

pmax� the maximum order of the AR process� Default� �

years� the begin of the time horizon� Default� �		�

month� the begin of the time horizon� Default� �

Example	

maroutfra�MSCI
����Mx
��MSCI�W�pmax
��year
�����month
��� The command above will

plot the monthly returns of the MSCI North America index and the marginal likelihoods for

AR
�� and AR
��
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��� Univariate models with informative prior

����� The marginal likelihood of a regression model with an informative

prior

Model de�nition

We consider the linear model 
���� and 
���� with informative 
conjugate� normal
gamma prior dis


tribution


�� ��� � N�
���H�� s
�
�
� n��� 
�����

The marginal likelihood is then given by

f
y� � ��
T

�
jH��j

���

jH�j���
�
�
n�����

�
n����
�


n�s
�
�
�
n�

�


n��s����
n��

�

� 
�����

where

n�� � n� � T�

H��
��

� X�X �H��
�
�

n��s
�
��

� n�s
�
�
�ESS � 
�� � ����

X�X��� �H��

��
�� � ����

ESS � 
y �X ����
y �X ����

and
�� � 
X�X���X�y�

Module usage

Function Name	

mlinf

Usage	

mlinf�dataY�Mx�dataX�b�star�H�star�s��n�star�

Required Arguments	

dataY� a univariate time series or a vector�

Mx� the number of columns of the X matrix�

dataX� a matrix of time series or a vector�

Optional Arguments	

b�star� a 
��p� �� mean vector of �� �� in 
������ Default� c
rep
��Mx����

H�star� a 
��p��
��p� matrix� the inverse of the variance matrix H� in 
������ H��
�

� De


fault� diag
��Mx���
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s�� the prior scale parameter of s� in 
������ s�
�
� Default� var
y���

n�star� prior d�f�� n�� Default� �

Example	

�ml�inf�model�	mlinf�MSCI
����Mx
��MSCI�W��

You can �t a simple regression model and store it as an object ml�model with the function

above� The function names gives the components of the object ml�inf�model� which are beta�

sigma and log�ML� The �rst component of beta gives the intercept and the second the slope

coe�cient�

The component log�ML gives the marginal likelihoods of the regression model� Sigma is the

residual standard error� In our case we have a slope of ������ which is the estimated beta

according to the CAPM� If the whole market changes by a factor of �� the MSCI North America

index will change by a factor of ������

�beta� 
�� ���������� ����������

�sigma� 
�� ���������

�log�ML� 
�� �������

����� The marginal likelihood of an AR regression model with an informa�

tive prior

Model de�nition

We consider the linear autoregressive model

yt � �� � ��yt�� � � � �� �pyt�p � ut 
�����

with a T � k regression matrix X of full rank� where k � p� ��

y � N �X�� ��IT � 
�����

with informative 
conjugate� normal
gamma prior distribution


�� ��� � N�
���H�� s
�
�
� n��� 
�����

The marginal likelihood is then given by

f
y� � ��
T

�
jH��j���

jH�j���
�
�
n�����

�
n����
�


n�s���
n�

�


n��s����
n��

�

� 
�����
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where

n�� � n� � T� 
�����

H��
��

� X�X �H��
�
� 
�����

n��s
�
��

� n�s
�
�
�ESS � 
�� � ����

X�X��� �H��

��
�� � ���� 
���	�

and

ESS � 
y �X ����
y �X ���� 
�����

�� � 
X�X���X�y� 
�����

Module usage

Function Name	

marinf

Usage	

marinf�dataY�Mx�dataX�pmax�b�star�H�star�s��n�star�

Required Arguments	

dataY� a univariate time series or a vector

Mx� the number of columns of the X matrix�

dataX� a matrix of time series or a vector�

Optional Arguments	

pmax� the maximum order of the AR process� Default� ��

b�star� a 
��p� �� prior mean vector of �� �� in 
������ Default� c
rep
��pmax����

H�star� a 
��p��
��p� matrix of the inverse of variance matrix of H� H��
�

� Default�

diag
��pmax���

s�� a prior scale parameter of s�� s�
�
� Default� ���

n�star� a prior d�f�� n�� Default� �

Example	

�mar�inf�model�	marinf�MSCI
����Mx
��MSCI�W�� In this example we regress the returns of

the MSCI North America index on the lagged returns of the MSCI world index in USD� You

can �t p ARX models and store them as an object �ar�inf�model� with the function above�

The function names gives the components of the object ar�models� which are beta� sigma and

log�ML� Beta is a matrix with the number of columns equal to the �tted ARX models� in
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this case �ve� The �rst column contains the coe�cient from the ARX
�� model and the last

the coe�cient from the ARX
�� model� The component log�ML is a vector of the marginal

likelihoods for each model� The highest element of this vector gives us the order of the optimal

AR
process� In this case� the �rst element is the largest� so we choose the ARX
�� model�

�prior�bstar� 
�� � � � � � �

�prior�s��star� 
�� ���

�prior�HstarI�


��� 
��� 
��� 
��� 
��� 
���


��� ��� � � � � �


��� � � � � � �


��� � � � � � �


��� � � � � � �


��� � � � � � �


��� � � � � � �

�prior�n�star� 
�� �

�beta�


��� 
��� 
��� 
��� 
���


������������ ��������� ��������� ��������� ���������


���	��������� 	��������� 	��������� 	��������� 	���������


������������ 	��������� 	��������� 	��������� 	���������


������������ ��������� 	��������� 	��������� 	���������


������������ ��������� ��������� 	��������� 	���������


������������ ��������� ��������� ��������� 	���������

which is the OLS estimate of �� in 
����� as a function of p�

�sigma� 
�� ��������� ��������� ��������� ��������� ���������

which is the residual standard deviation �log�ML� 
�� �������

������� ������� ������� ��������

which is the log marginal likelihood 
����� as a function of p�

��� The Bayesian AR�p� Model

Consider the stationary time series fy�� y�� � � � � yTg with

E
yt� � 
� Var
yt� � ��
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and the AR
p� model as described in ���� which can be written as

x�t� � 	t

with

x�t � 
�� yt��� � � � � yt�p�� �z �
p����

� ��t � 
��� ���� �p��

Conditioning on p starting values y�� y��� � � � � y�p�� we can formulate a linear model

y � X� � 	�

where

y �

�
BB�

y�
���

yT

	
CCA � X� �



x� � � � xT

�
� �z �

�p����T

� 	 �

�
BB�

	�
���

	T

	
CCA

the starting values are contained in fx�� x�� � � � � xpg�

AR
p� with Tightness Prior Distribution

For the prior distribution we assume as in Littermann 
�	��� a tightness structure in conjugate form�


�� ���� � N�����H�� s
�
�
� n��

� N ���� �
�H�� � ���

�� j s�
�
� n��

�� � �p��� H��
�

� diag
	� �� �� � � � � p���y� �z �
�tightness structure�

�

	 � ���� s�
�
�

��y
��

� n� � � � � � d�f� for ��� �

The posterior distribution is given by


�� ���� � N������H��� s
�
��
� n���

� N ����� �
�H��� � ��s

�
��
� n����

��� � 
X�X�H��
�

���
X�Xb�H��
�
���

H��
��

� X�X �H��
�

n��s
�
��

� n�s
�
�
� ESS � 
�� � b���
X�X��� �H��

��
�� � b�

n�� � T � n�

ESS � 
y �Xb��
y �Xb�

b � 
X�X���X�y�

The marginal distribution for � is a multivariate t distribution

� j y � tp������� s
�
��
H��� n���

� �� ����
n��

n�� � �
s�
��
H�� �� �
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Each element of � is univariate t
distributed

�i � t����i� s
�
��
H��ii� n���� i � �� � � � � p� ��

The Predictive Distribution

Forecasting the next observation at time T we use

yT�� � �� � ��yT � � � �� �pyT�p�� � 	T��

� x
�

T��� � 	T��

with � a location parameter of the posterior distribution 
usually the posterior mean� and

x
�

T�� � 
�� yT � � � � � yT�p����

The predictive density for YT�� is given by the t density

p
yT��jy� � t�x
�

T������ s
�
��
M��� n���

M�� � � � x
�

T��H��xT���

For large T 
� ��� the t distribution converges to the normal distribution

lim
T��

p
yT��jy� � N �x
�

T������ s
�
��
M���

� �� x
�

T������
n��

n�� � �
s�
��
M�� �� �

Function Name	

premarin

Usage	

premarin�dataY 
 cpi�re� pmax 
 �� b�star 
 c�rep��� pmax � ����H� 
 c�������� ��pmax�

� var�dataY�� H�star�I 
 diag�H��� s��star 
 var�dataY����� n�star 
 �� libpath 


�c � nnBasel�PCnnobject��

Required Arguments	

dataY� a univariate time series or a vector�

Optional Arguments	

p� the order of the AR process� k � � is an integer� Default� ��

bstar� the prior informationabout the regression coe�cients� Default� b�star 
 c�rep���

pmax � ����

H�� prior information for the precision matrix 
H��
�

�� Default� H� 
 c�������� ��pmax�

� var�dataY��
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s��star� prior information for s�
�
� Default� var�dataY�����

n�star� prior d�f� for n� Default� ��

Example	

�premarin�	�cpi�re�� The data used for the estimation are monthly returns of the real con


sumer expenditure in the USA from February �		� until September �			� The prior information

for the slope coe�cients are as above�

�prior�b�x� 
�� � �

�prior�s��x� 
�� �������e	���

�prior�H�x�I�


��� 
���


��� �������e	��� �������e����


��� �������e���� �������e	���

�prior�n�x� �

�beta� ���������� ����������

�var� ������e	���

�H�xx�


��� 
���


��� �������e	��� �������e	���


��� �������e	��� �������e	���

�n�xx� ���

�s��xx� �������e	���

�b�xx� ��������� ���������

�nstep� �

�Predic�Mean� �������e	���

�Predic�Var� �������e	���

�log�ML� 	�������
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��� ARCH models

The AR
k�
GARCH
p�q�
M
s� model can be written as�

yt � �� �
kX
i��

yt�i�i �
sX

i��

ht�i
i � 	t� t � �� � � � � T� 
�����

	t � N ��� ht��

ht � �� �

pX
i��

�iht�i �

qX
i��

�i	
�
t�i� � 
�����

Compactly� we can write the equation 
����� as follows�

yt � N �x�t�� ht��

where

x�t � 
�� yt��� � � � � yt�k� ht��� � � � � ht�s�

� � 
��� ��� � � � � �k� 
�� � � � � 
s�
� 
�����

ht � z
�

t�

is a �� 
� � k � s� vector of regression coe�cients and

� � 
��� ��� � � � � �p� ��� � � � � �q�
� 
�����

z
�

t � 
�� ht��� � � � � 	
�
t�q 
�����

is a �� 
� � p� q� vector of unknown parameters�

The default or automatic prior distribution is speci�ed as

� � N �b��H��� 
�����

� � N�

� ����D��� 
�����

where the prior mean is

b� � �� 
���	�

and the prior precision

H� � diag
	� �� � � � � k � s�� 
�����

with

	 � ����� 
�����

�� � ������p�q� D� � ����I��p�q� 
�����

where N�

� denotes a truncated normal distribution�
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����� The full conditional distributions �f�c�d��

a� The f�c�d� for � is a normal distribution

f
�j����y� � N �b���H���� 
�����

H��
��

� H��
�

�X�D��h X� 
�����

Dh � diag
h�� � � � � hT �� 
�����

b�� � H��
H�b� �X�D��h y�� 
�����

where H� and b� are the parameters of the prior distribution�

b� The f�c�d� for � and � are obtained by the proposal distributions

We use for the f�c�d� of � and � a Metropolis
within
Gibbs step with a normal distribution which is

obtained by an iteration proposal given by

�i � N ���i� ��
�
i �� i � �� �� � � � � p�

and

�i � N � ��i� ��i�� i � �� � � � � q�

The f�c�d� for � is given by

�
�jy��� �
TY
t��

N �ytjx
	
t�� ht�

where the normal distribution is proportional to

N �ytjx
	
t�� ht� � jhtj

����expf�
�

�

yt � x	t��

�h��t 
yt � x	t�g�

The mean ��i � ��i � ����� and the variance ���i � ����� are obtained iteratively from Metropolis runs


e�g� � times one thousand runs�� Then we calculate the mean and variance and repeat the iterative

proposal until a satisfactory accept�rejection ratio is obtained� The argarchm function needs a vector

or time series as its input data �le� which is S
PLUS object� Finally� if one runs the program� the

posterior logarithmic marginal likelihood of the model will be reported in the output �le�

Function Name	

argarchm

Usage	

argarchm�data 
 MSCI�W� k 
 �� s 
 �� p 
 �� q 
 ��

iter 
 ���� bstar 
 c�rep��� � � k � s��� Hx 
 diag�c��e	���� ���k � s����

alphax 
 c�rep������ � � p � q��� Dx 
 diag������� � � p � q��

nstep 
 �� nnrec 
 ��� show�para�hist 
 F� show�para 
 T�

show�para�Markov 
 F� show�epsilon�plot 
 F� show�ht�plot 
 T� show�fore 
 T� init


 T�

Required Arguments	

data� a univariate time series or a vector�

Optional Arguments	
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k� the order of the AR process� k � � is an integer� Default� ��

s� the order of the ht process� s � � is an integer� Default� ��

p� the order of the hts in the GARCH process� p � � is an integer� Default� ��

q� the order of the ��t s in the GARCH process� q � � is an integer� Default� ��

iter� the number of iterations� iter � � is an integer� Default� ����

nnrec� the number of the last iterations to be recorded� nnrec � � is an integer� Default�

���

Hx� a 
��k�s�� 
��k�s� variance matrix of the prior distribution for �	� Default�

diag�c��e	���� ���k � s���

Dx� a s�s variance matrix of the proposal distribution forD���� � Default� diag�������

� � p �q��

alphax� a 
� � p � q�� � vector of prior means for �i�

Default� c�rep��������p�q���

show�para� is a logical variable� If one chooses T � the program will print out the mean and

standard error of the simulated posterior of the model� Default� F�

show�para�hist� is a logical variable� If one chooses T � the program will show the histogram


graphic output� of the simulated posterior distribution priors of the model param


eters for all iterations� Default� F�

show�para�Markov� is a logical variable� If one chooses T � the program will plot a graphic�

which plots the Markov chains 
graphic output� of the simulated posterior of the

model for all iterations� Default� F�

show�epsilon�plot� is a logical variable� If one chooses T � the program will plot a graphic�

which plots the residual of the model for all iterations� Default� F�

show�epsilon� is a logical variable� If one chooses T � the program will print out the mean and

standard error of the model�s residual for all iterations� Default� F�

show�ht�plot� is a logical variable� If one chooses T � the program will plot a graphic� which

plots the conditional variance of the model for all iterations� Default� F�

show�ht� is a logical variable� If one chooses T � the program will print out the mean and

standard error of the model�s conditional variance of iterations� Default� F�

nstep� is an integer variable� which is the number of the forecasting period� if nstep � ��

the program will do one step forecasting calculation� Default� ��

show�fore� is a logical variable� If one chooses T � the program will show the histogram and

the mean for all iterations of the every forecasting period� Default� F�

init� if TRUE� load the Fortran module� Default� T�

libpath� path to the Fortran module� Default� libpath�

Example	

my�model�	argarchm�data
MSCI�W��You �t a AR
��
GARCH
����
M
��model for the monthly

returns of the MSCI�W index from February �		� until September �			 and store it as an object

�my�model�� By default� you get the estimated coe�cients and the std� error� one step forecast

of the series and the marginal likelihood� The command plots the means of the conditional

variance and the histogram of the forecasted time series by default�
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Model� AR���	GARCH�����	M��� Model

Data� MSCI�W

Data�s mean and std�� �������� ��������

�Model� 
�� �AR���	GARCH�����	M��� Model�

�data�length� 
�� ���

�prior� �prior�b�x � 
�� � � � �


b� in 
���	��

�prior�H�x�


��� 
��� 
���


��� �e	��� � �


��� �e���� � �


��� �e���� � �


H� in 
�������

�prior�alpha�x� 
�� ���� ���� ����


�� in 
�������

�prior�D�x�


��� 
��� 
���


��� ����� ����� �����


��� ����� ����� �����


��� ���������������


D� in 
�������

�coefficients�

Mean Std


��� ����������� �������e	���


��� 	����������� �������e	���


���	����������� �������e	���


��� ����������� �������e	���


�������������� �� �����e	���


��� ����������� �������e	���


posterior mean b�� with standard deviations��
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�forecast�

fore�mean fore�std


��� 	��������� ����������

which is a one step ahead forecast�

�log�marginal�likelihood� 
�� 	�������

Note�

We can �t a GARCH model with the function garch� an ARCH model with the function arch and a

GARCH 
 in 
 mean model with the function garchm� e�t�c�

Example	

my�model�	garch�data
MSCI�W�q
��� With the command above you �t GARCH
���� for the

same time series and store it as an object �my�model�� We can compare the marginal likelihood

with the model above�

Model� GARCH����� Model

Data� MSCI�W

Data�s mean and std�� �������� ��������

�Model� 
�� �GARCH����� Model�

�data�length� 
�� ���

�prior� �prior�b�x� 
�� �

�prior�H�x�


��� 
��� 
���


��� �e	��� � �


��� �e���� � �


��� �e���� � �

�prior�alpha�x� 
�� ���� ���� ���� ����

�prior�D�x�


��� 
��� 
��� 
���


��� ����� ����� ����� �����


��� ����� ����� ����� �����


�������� ����� ����� �����


��� ����� ����� ����� �����
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�coefficients�

Mean Std


��� ���������� �������e	���


��� ���������� �������e	���


������������� �������e	���


��� ���������� �������e	���


������������� �������e	���

�forecast�

fore�mean fore�std


��� 	��������� ���������

�log�marginal�likelihood� 
�� 	�������

Example	

my�model�	arch�data
MSCI�W�q
��� With the command above you �t an ARCH
�� for the

same time series and store it as an object �my�model�� We can compare the marginal likelihood

with the model above�

Model� ARCH����� Model

Data� MSCI�W

Data�s mean and std�� �������� ��������

�Model� 
�� �ARCH����� Model�

�data�length� 
�� ���

�prior� �prior�b�x� 
�� �

�prior�H�x�


��� 
��� 
���


��� �e	��� � �


��� �e���� � �


��� �e���� � �

�prior�alpha�x� 
�� ���� ����

�prior�D�x�


��� 
���


��� ����� ����� 
��� ����� �����



CHAPTER �� UNIVARIATE MODELS ��

�coefficients�

Mean Std


��� ���������� �������e	���


��� ���������� �������e	���


������������� �������e	���

�forecast�

fore�mean fore�std


��� 	��������� ���������

�log�marginal�likelihood� 
�� 	�������

Example	

my�model�	garchm�data
MSCI�W�� With the command above you �t a GARCH
����
in
mean

model for the same time series and store it as an object �my�model�� We can compare the

marginal likelihood with the model above�

Model� GARCH�����	M��� Model

Data� MSCI�W

Data�s mean and std�� �������� ��������

�Model� 
�� �GARCH�����	M��� Model�

�data�length� 
�� ���

�prior� �prior�b�x� 
�� � �

�prior�H�x�


��� 
���


��� �e	��� �


��� �e���� �

�prior�alpha�x� 
�� ���� ���� ����

�prior�D�x�


��� 
��� 
���


��� ����� ����� �����


��� ����� ����� �����


��� ���������������

�coefficients�

Mean Std
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��� ��������� �������e	���


��� 	��������� �������e	���


������������ �������e	���


��� ��������� �������e	���


������������ �������e	���

�forecast�

fore�mean fore�std


��� 	��������� ���������

�log�marginal�likelihood� 
�� 	�������
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Multivariate models

��� Multivariate models with fractional prior

����� The marginal likelihood of a multivariate regression model with frac�

tional prior

Model de�nition

The model is

YT�My � NT�My�XB�! 
 IT ��

where Y � 
y�� � � � � yMy�� X � 
�� x�� � � � � xMx�� xi � 
x�i � � � � � x
T
i �

�

� B � 
b�� � � � � bMy� and bi �


b�i � � � � � � � � � b
Mx
i ��

The fractional marginal likelihood for the normal
Wishart regression model is given by

f�b 
Y � � b
Tb

� j� �U � �U j�
T�T b

� �My

�
T

�

�
��My

�
Tb

�

�
� 
����

and for the simplest choice of b � �


we �nd

f�b 
Y � �

�
�

T

�
j� �U � �U j�

T��
� �My

�
T

�

�

����

with the residuals
�U � Y �X �B

and

�M

�
T � �

�

�
�

MY
i��

�

�
T � i

�

�
� 
����

The ML estimate of the residual covariance matrix is

�! � �U 	 �U�T�

�	
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Module usage

Function Name	

mmlfra

Usage	

mmlfra�dataY�Mx�dataX�b�

Required Arguments	

dataY� a matrix of time series�

Mx� the number of columns of the X matrix�

dataX� a matrix of time series or a vector�

Note� the fractional parameter b is given by default in the program as �
T � where T is the number

of observations� and cannot be changed�

Example	

�mml�model�	mmlfra�MSCI
������Mx
��MSCI�W��

We regress the returns of the MSCI North America index and of the MSCI Paci�c index on the

returns of the MSCI world index to estimate the beta� A high beta 
say greater than �� means

that the local market is highly sensitive to changes in the world market�

The function names gives the components of the objectmml�model� which aremarginal�likelihood�

beta and Covar�

beta has the dimension ������ where ������ is the intercept coe�cient for the �rst equation� that is for

MSCI North America� and ������ is the slope coe�cient of the second equation� Comparing the betas

for MSCI North America and MSCI Paci�c� ���� and ����� respectively� we see that the Paci�c mar


ket is much more sensitive to changes in the MSCI world index� Having estimated the beta� we can

construct a portfolio with any given beta because the portfolio beta is just the sum of the individual

beta weighted by the individual holdings�

The component marginal�likelihood is the marginal likelihood of the regression model� Covar is the

estimated covariance matrix�

Model output is given by

�marginal�likelihood�


���


��� ������

�beta� � � �


��� 
���


��� ���������� 	���������


��� ���������� ���������

�covar�
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� � �


��� 
���


��� ����������� 	�����������


��� 	����������� �����������

����� Multivariate regression model with outliers

In this section we consider the following multivariate regression model with outliers for the T �My

matrix Y

Y � XB �Dj� � U� j � �� � � � � T� 
����

Again Dj is a dummy variable de�ned as the j
th unity vector of dimension T � and � is a 
��My�

row vector of outliers 
a location shift for the My di�erent regressions�� where Y � 
y�� � � � � yMy��

X � 
�� x�� � � � � xMx�� xi � 
x�i � � � � � x
T
i �

�

� B � 
b�� � � � � bMy� a 
Mx � My� coe�cient matrix and

bi � 
b�i � � � � � � � � � b
Mx
i ��

The errors are multivariate normally distributed�

U � NT�My���!
 IT ��

The multivariate model can be written in compact form as

Y �  X  B � U� or Y � N �  X  B�!
 IT � 
����

with  X � 
X � Dj� a T � 
� �Mx� regressor matrix� and  B
�

� 
B� � �
�

j� the 
� �Mx��My matrix

of regression coe�cients� For the homoskedastic multivariate regression model� 
����� the fractional

marginal likelihood for b�
���� is given by

f�b 
Y � � b
Tb

� j� �U � �U j�
T ���b�

� �My

�
T �Mx� �

�

�
��My

�
Tb�Mx� �

�

�

����

with �M as in 
���� and the estimated residual matrix

�U � Y �  X � B� and � B � 
  X
�  X���  X

�

Y� 
����

Note that for the fraction b � Mx��
T we get the simpler formula

f�b 
Y � �

�
Mx� �

T

�Mx��
T

j� �U � �U j�
T�Mx��

� �My

�
T �Mx� �

�

�
� 
����

The ML estimate of the residual matrix is

�! � �U � �U�T� 
��	�

Proof	 Use the results of Polasek and Ren 
�		�� for the homoskedastic regression model�
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Module usage

Function Name	

mmloutfra

Usage	

mmloutfra�dataY�Mx�dataX�b�

Required Arguments	

dataY� a matrix of time series time series or a vector�

Mx� the number of columns of the X matrix� if vector Mx � � �

dataX� a regressor matrix of time series or a vector�

Example	

�mmloutfra�MSCI
�c�������Mx
��MSCI�W��

The command above will plot the dependent time series and the marginal likelihood�

Reference� see Polasek and Ren 
�		���

����� The marginal likelihood of a VAR regression model with a fractional

prior

Model de�nition

The model is

YT�My � NT�My�XB�! 
 IT ��

where Y � 
y�� � � � � yMy�� yi � 
y�i � � � � � y
T
i �

�

� X � 
�� x�� � � � � xMx�� xi � 
x�i � � � � � x
p
i �

�

� The fractional

marginal likelihood for the normal
Wishart regression model is given by

f�b 
Y � � b
Tb

� j� �U � �U j�
T�Tb

� �My

�
T � k � �

�

�
��My

�
Tb� k � �

�

�
� 
�����

and for b � k��
T 
and a non
informative prior� we have

f�b 
Y � �

�
k � �

T

� k��
�

j� �U � �U j�
T�k��

� �My

�
T � k � �

�

�

�����

with the residuals
�U � Y �X �B

and

�My

�
T � k

�

�
�

MyY
i��

�

�
T � k � i� �

�

�

for p � �� � � � � pmax and k � p� �� The ML estimate of the residual covariance matrix is

�! � �U 	 �U�
T � p��
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Module usage

Function Name	

mvarfra

Usage	

mvarfra�dataY�Mx�dataX�pmax�b�

Required Arguments	

dataY� a matrix of time series with dimension My�

Mx� the number of columns of the X matrix�

dataX� a matrix of time series or a vector�

pmax� the maximum order of the AR process� Default��

Note� the fractional parameter b is given by default in the program and cannot be changed�

Example	

�var�models�	mvarfra�MSCI
������Mx
��MSCI�W�pmax
���

We will regress the monthly returns of the MSCI North America� MSCI France and MSCI

Germany indices on the returns of the MSCI world index with the VAR
X model�

You can �t p VAR
X
models and store them as an object var�models with the function above�

The function names gives you the components of the object ar�models� which aremarginal�likelihood�

beta and covar�

The component marginal�likelihood is the vector of the marginal likelihoods for each model�

The largest element of this vector is an estimate of the order of the AR
process� In this case the

�rst element is the largest� so we choose the VAR
��
X
model�

beta is a list with each element matrix� The number of columns is equal to the number of the

columns of the matrix dataY� the �rst column contains the coe�cients from the �rst equation�

that is� for the �rst column of the matrix dataY� The �rst row contains the constants� the second

the coe�cients of the AR
�� process� etc�

The component covar is a list� where the �rst element is the estimated covariance matrix for

the AR
�� model� the second for the AR
��� etc�

Output of the model is given by

�marginal�likelihood�


���


��� ������� 
��� ������� 
��� �������

References� see Polasek and Ren 
�		���
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����� The fractional marginal likelihood for the VARX�p� model with out�

liers

Model de�nition

In this section we consider the multivariate autoregressive model with outliers� Let Y be a matrix

of the dependent variables and� in the case of an AR process of order p� the �rst column of X is a

vector of ones and the other columns are p lags such that k � p��� The ARX
p� program speci�es a

T � 
k� p� matrix of the full rank of independent variables and the AR terms� We consider T outlier

models� indexed by j � �� � � � � T � i�e�

Y � Xj�j �Dj� � 	� j � �� � � � � T� 
�����

where Dj is a dummy variable� i�e� the j
th unity vector of length T � � is the regression coe�cient

which measures the size of the outlier e�ect at observation j on the regression model�

The multivariate outlier model can be written in compact form as

Y �  Xj
 �j � 	 
�����

with  Xj � 
X � Dj� and  �j � 
�j � ��� If no confusion is possible� we will drop the index j� The

ordinary least squares or OLS estimate of model 
����� is given by

� �j � 
  X
�

j
 Xj�

��  X
�

jy� 
�����

Assuming a fractional prior distribution� the fractional marginal likelihood is given by

f�b 
Y jj� � b
Tb�k

� 
�ESSj �
�
T �b���

� �

�
T � k

�

�
��

�
Tb� k

�

�
� 
�����

Module usage

Function Name	

mvaroutfra

Usage	

maroutfra�dataY�Mx�dataX�pmax�

Required Arguments	

dataY� a matrix of time series or a vector�

Mx� the number of columns of the X matrix�

dataX� a matrix of time series or a vector�

pmax� the maximum order of the AR process� Default��

Example	

�maroutfra�MSCI
�c�������Mx
��MSCI�W�pmax
��� The command above will plot the data

MSCI North America and MSCI Paci�c and the marginal likelihood for VAR
�� and VAR
���
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��� Multivariate models with informative prior

����� Marginal likelihood of a multivariate regression model with an in�

formative prior

Model de�nition

Consider the regression model for the T �M matrix Y

Y � XB � U� 
�����

or

Y � N �XB�!
 C���

where C� is a known covariance matrix 
usually C� � IT �� Assuming a normal
Wishart prior

f
B�!��� � NW �B��H��!�� n���

the marginal likelihood is

f
Y � � 
����
MT

�
cn��
cn�

j!�j
n�

�

j!��j
n��

�

jH��j
M

�

jH�j
M

�


�����

with

!�� � !� � �U � �U �"� �U � Y �X �B�

H��
��

� X�X �H��
�
�

" � 
 �B � B��
��
X�X��� �H��

��
 �B �B���

�B � 
X�X���X�Y�

n�� � n� � T�

and cn� is given by

cn� � �
Mn�

� �
M�M���

�

MY
j��

��
n� � �� j

�
�� 
�����

Module usage

Function Name	

mmlinf

Usage	

mmlinf�My
��dataY
MSCI
������Mx
��dataX
MSCI�W�

Required Arguments	

Yx� the number of columns of the Y matrix�

dataY� a matrix of time series or a vector�

Mx� the number of columns of the X matrix�

dataX� a matrix of time series or a vector�
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Example	

�mml�inf�model�	mmlinf�My
��MSCI
�c�������Mx
��MSCI�W��

We regress the returns of the MSCI North America index and of the MSCI Paci�c index on the

returns of the MSCI world index to estimate the beta� A high beta 
say greater than �� means

that the local market is highly sensitive to changes in the world market�

The function names gives the components of the objectmml�model� which aremarginal�likelihood�

beta and covar�

Beta has the dimension ������ where ������ is the intercept coe�cient for the �rst equation� that is

for MSCI North America� and ������ is the slope coe�cient of the second equation� Comparing

the beta for MSCI North America and MSCI Paci�c� ���� and ����� respectively� we see that the

Paci�c market is much more sensitive to changes in the MSCI world index� Having estimated

the beta� we can construct a portfolio with any given beta because the portfolio beta is just the

sum of the individual betas weighted by the individual holdings�

�marginal�likelihood�


���


��� 	�������

The component �marginal�likelihood� is the marginal likelihood of

the regression model�

�beta�

� � �


��� 
���


��� ���������� 	���������


��� ���������� ���������

�covar�

� � �


��� 
���


��� �������e	��� 	�������e	��� 
��� 	�������e	��� �������e	���

�Covar� is the covariance matrix estimated as
�U
� �U
n

�



CHAPTER �� MULTIVARIATE MODELS ��

����� The marginal likelihood of a VARX regression model with an infor�

mative prior

Model de�nition

Consider the regression model for the T �M matrix Y

Y � XB � U� 
���	�

or

Y � N �XB�!
 C���

where C� is a known covariance matrix 
usually C� � IT �� Assuming a normal
Wishart prior

f
B�!��� � NW �B��H��!�� n���

the marginal likelihood is

f
Y � � 
����
MT

�
cn��
cn�

j!�j
n�

�

j!��j
n��

�

jH��j
M

�

jH�j
M

�


�����

with

!�� � !� � �U � �U �"� �U � Y �X �B�

H��
��

� X�X �H��
�
�

" � 
 �B � B��
��
X�X��� �H��

��
 �B �B���

�B � 
X�X���X�Y�

n�� � n� � T�

and cn� is given by

cn� � �
Mn�

� �
M�M���

�

MY
j��

��
n� � �� j

�
�� 
�����

Module usage

Function Name	

mvarinf

Usage	

mvarinf�My�dataY�Mx�dataX�pmax�

Required Arguments	

My� the number of columns of the Y matrix�

dataY� a matrix of time series or a vector�

Mx� the number of columns of the X matrix�

dataX� a matrix of time series or a vector�

pmax� the maximum order of the AR process� Default��
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Example	

�var�inf�models�	mvarinf�My
��MSCI
������Mx
��MSCI�W�pmax
���

We will regress the monthly returns of the MSCI North America� MSCI France and MSCI

Germany indices on the returns of the MSCI world index with the VAR
X model�

You can �t VAR
p�
X
models and store them as an object var�models with the function above�

The function names gives the components of the object ar�models� which aremarginal�likelihood�

beta and covar�

The component marginal�likelihood is the vector of the marginal likelihoods for each model�

The largest element of this vector gives us the order of the optimal AR
process� In this case the

�rst element is the largest� so we choose the VAR
��
X
model�

Beta is a list with each element matrix� The number of columns is equal to the number of the

columns of the matrix dataY� the �rst column contains the coe�cients from the �rst equation�

that is for the �rst column of the matrix dataY� The �rst row contains the constants� the second

the coe�cients of the AR
�� process� etc�

The component Covar gives the estimated covariance matrix for each AR
process�

�marginal�likelihood� 
��� 	������� 
��� 	������� 
��� 	�������

��� The VAR�k��GARCH�p�q��X�s� models

The VAR
k�
GARCH
p�q�
X
s� model can be written in the following way 
see Polasek and Ren


�		����

ylt � �l� �
MX

m��

kX
i��

�lmi ymt�i �
MxX
m��

rX
i��


lmi xmt�i � ul�t 
�����

ul�t � N ��� hlt�� l � �� � � � �M�

hlt � �l� �
MX
m��




pX
i��

�lmi hmt�i �

qX
i��

�lmi u�m�t�i�� 
�����

where the parameters are subject to the stationarity constraint

MX
m��




pX
i��

�lm �

qX
i��

�lmi � � �� 
�����

with all coe�cients being positive� �lm� � �� �lmi � �� �lmi � � and m� l � �� � � � �M�

Equation 
����� can be written as

yt � �� �
kX
i��

Biyt�i �
rX

i��

�ixt�i � ut � �t � ut� 
�����

where yt � 
yt�� � � � � ytM�� is an M � � vector of observed time series at time t� �i 
i � �� � � � � k� and

�i 
i � �� � � � � s� are �xed M �M andM �Mx coe�cient matrices� respectively� �� � 
���� � � � � �M��

is a �xed M �� vector of intercept terms� and ut � 
ut�� � � � � utM�T is an M �� vector of error terms�

The Bayesian VAR
k�
GARCH
p�q�
X
s� model is then given by

Y � NT�M �B
Y ��
X� diag
H�� � � � �HT ���
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vechHt � �� �

qX
i��

�ivech
ut�iu
�

t�i� �

pX
j��

�jvechHt�j �

where

B � ������� � � � ��k��M��Mk����� � � ���� � � � ��s��M�Mxs��


Y � 
  Y�� � � � �  YT������Mk��T � 
X � 
  X�� � � � �  XT����Mxs�T �

and the prior distribution are chosen from the families of normal distributions� hence

B � NM����Mk��B���B�

 IM ��

� � NM�Mxr �������

 IM ��

where all of the hyper
parameters 
which are denoted with a star� are known a priori�

����� The full conditional distributions �f�c�d��

a� The f�c�d� for the regression coe�cients B

The full conditional density for B is a multivariate normal distribution

p
BjY� �c� � NM����Mk��B���DB��
�

with

D��B��

� IM 
���B�

� � x
�

tH
��
t xt ��

B�� � DB��
�vec
���B�

B�� � x
�

tH
��
t 
yt ����

where 
Y � Y��
X and �c � 
��A��� denotes a vector of all parameters save the arguments of the

full conditional distribution�

b� The f�c�d� for the regression coe�cients �

The f�c�d� is given by

p
�jY� �c� � NM�Mxs�����D���
�

with

D�����

� IM 
�����

� � x
�

tH
��
t xt ��

��� �D���
�vec
�����

��� � x
�

tH
��
t 
yt ����

and 
Y � Y �BX�

c� The f�c�d� for the GARCH coe�cients

We use for the f�c�d� of � and � a Metropolis
within
Gibbs step with a normal distribution which is

obtained by an iteration proposal given by

vec�i � N �vec��i� ���i
��

vec�i � N �vec ��i� ���i
��
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and the f�c�d� is given by

p
A��jY� �c� �
TY
t��

N �ytj�t�Ht�

with �t given in 
����� and the normal distribution being proportional to

N �ytj�t�Ht� � jHtj
����expf�

�

�

yt � �t�

�H��t 
yt � �t�g�

Note	 If H � diag
H�� � � � �HT � is a TM � TM � W a r � T � and V a T � k matrix�

then

� witHtvtj � � 
W 
 IM �diag
H�� � � � �HT �
V 
 IM �

�

�
B�
P

tw�tHtvt�� � � � �
P

tw�tHtvtk

� � �P
twrtHtvt�� � � � �

P
twrtHtvtk

	
CA

� � wtHtvt �rM�kM �

where 
 denotes the Kronecker product�

The starting values and the variance matrix of the proposal distribution for the Metropolis algorithm

are usually obtained from the posterior density function� We start with arbitrary values for Aold 
e�g��

vecAold�������Mp�Mq� and its variance 
e�g�� identity matrix D � ����I��Mp�Mq�� We update the

starting values and the proposed variances for each run from the output of the MCMC�

Then� we calculate the mean and variance and repeat the iterative proposal until a satisfactory ac


cept�reject ratio is obtained�

For each run� we have ���� iterations and ��� burn
in simulation points� We collect samples from

selected iterations of the converged chains 
iteration �	�� to ����� to ensure that we have independent

and identically distributed samples from the joint posterior density�

d� Forecasting

You can use the forecasted variance matrix for October �			 for portfolio selection in the three

regions� The function weights will compute weights that produce the minimum
variance portfolio

according to the forecasted variance matrix� This function simply calculates wt �
�H��
t���

� �H��
t���

You have

to de�ne a matrix Q as the forecasted variance matrix� The command weights
Q� will then give the

calculated weights�

����� Program description

An S
plus function for calculating the VAR
GARCH
X model has been written� It is called varxgarch�

Users can �nd the program on our home page�

The varxgarch function needs a matrix or multivariate time series as its input data �le� which must

be a S
plus object� You must also input the arguments as follows�

�� M � The dimension of the time series� which can be chosen from � to ���

�� k� The order of the VAR process� k � � is an integer�

�� s� The order of the X component� s � � is an integer�
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�� p� The order of the GARCH process� p � � is an integer�

�� q� The order of the ARCH process� q � � is an integer�

�� iter� The number of iterations� iter � � is an integer�

�� Dalpha� A 
� �Mp�Mq��
� �Mp�Mq� matrix of �� and ���

�� alpha� A 
� �Mp�Mq��M matrix of �� and ���

	� Dbstar� A 
� �Mk��
� �Mk� matrix of �B�

and ���

�

��� Bstar� A 
� �Mk �Ms��M matrix of B� and ���

��� show�para� is a logical value� If one chooses T � the program will print out the mean and standard

error of the simulated parameters of the model for all iterations�

��� show�para�hist� is a logical variable� If one chooses T � the program will show the histogram


graphic output� of the simulated parameters of the model for all iterations�

��� show�para�Markov� is a logical variable� If one chooses T � the program will plot a graph� which

plots the Markov chains 
graphic output� of the simulated parameters of the model for all iterations�

��� show�epsilon�plot� is a logical variable� If one chooses T � the program will plot a graph� which

plots the mean of the residuals of the model for all iterations�

��� show�epsilon� is a logical variable� If one chooses T � the program will print out the mean and

standard error of the model�s residuals of iterations for all iterations�

��� show�ht�plot� is a logical variable� If one chooses T � the program will plot a graph� which plots

the mean of the conditional variance of the model for all iterations�

��� show�ht� is a logical variable� If one chooses T � the program will print out the mean and standard

error of the model�s conditional variance for all iterations�

��� nstep� is an integer value� which is the number of the forecasting period� if nstep � �� the program

will do one step forecasting calculation�

�	� show�fore� is a logical variable� If one chooses T � the program will show the histogram and mean

of the every simulated forecasting period for all iterations�

��� libpath� is the path to the Fortran module

��� Finally� if one runs the program� the logarithmic marginal likelihood of the model will be auto


matically given�

Example�

my�model�	vargarch�data
MS�re��� You �t a VARX
��
GARCH
���� model for the monthly re


turns of the MSCI North America index� MSCI Europe index and MSCI Paci�c index from February

�		� until September �			 and store it as an object my�model with the command above� By default�

you get the estimated coe�cients and the std� error� one step forecast of the series and of the variance

matrix and the marginal likelihood� The output is split into two parts� Part one gives the Gibbs sam


ples� part two gives the means of the sample� By default only part two will be given� The command

names
my�model� will give

� names�my�model�


�� �output�part�� �output�part��

Typing
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my�model�output�part�

you will get the following output�

my�model�output�part� �Model� 
�� �VAR���	GARCH�����	X��� Model�

�coefficients�

Mean Std


���	���������� ����������


��� ���������� ����������


���	���������� ����������


��� ���������� ����������


��� ���������� ����������


���	���������� ����������


��� ���������� ����������


��� ���������� ����������


��� ���������� ����������


���� ���������� ����������


�������������� ����������


�������������� ����������


�������������� ����������


�������������� ����������


����	���������� ����������


�������������� ����������


����	���������� ����������


�������������� ����������


����	���������� ����������


����	���������� ����������


����	���������� ����������


�������������� ����������


�������������� ����������


�������������� ����������


�������������� ����������


�������������� ����������


�������������� ����������


�������������� ����������


�������������� ����������


����	���������� ����������


�������������� ����������


����	���������� ����������


����	���������� ����������


�������������� ����������


����	���������� ����������


�������������� ����������
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�������������� ����������


�������������� ����������


�������������� ����������


�������������� ����������


�������������� ����������


�������������� ����������

�log�marginal�likelihood� 
�� 	�������

�forecast�series�

fore�mean fore�std


��� 	������� ������� 
��� 	������� ������� 
����������

�������

�forecast�H� �forecast�H

����


��� 
��� 
���


��� ����������� ����������� ����������� 
��������������

����������� ����������� 
�������������� �����������

�����������

A forecast can be made with the following command�

my�model�	Q�	my�model�output�part��forecast�H

The output is then given as�

� weights�Q���mylist�

north america europe pacific


��� �������� �������� ��������

��� The VAR�k��GARCH�p�q��M�r� models

The VAR
k�
GARCH
p�q�
M
r� model proposed by Pelloni and Polasek 
�		�� can be written in

following way�

ylt � �l� �
MX
m��

kX
i��

�lmi ymt�i �
MX

m��

rX
i��


lmi hmt�i � ul�t 
�����

ul�t � N ��� hlt�� l � �� � � � �M�

or

ylt � N �xt�� h
l
t��
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hlt � �l� �
MX
m��




pX
i��

�lmi hmt�i �

qX
i��

�lmi u�m�t�i�� 
�����

where the parameters are
MX
m��




pX
i��

�lm �

qX
i��

�lmi � � ��

with all coe�cients being positive� �lm� � �� �lmi � �� �lmi � � and m� l � �� � � � �M�

Equation 
����� can be written as

yt � �� �
kX
i��

�iyt�i �
rX

i��

�ivechHt�i � ut � �t � ut� 
�����

where yt � 
yt�� � � � � ytM�� is an M � � vector of observed time series at time t� �i 
i � �� � � � � k� and

�i 
i � �� � � � � r� are �xed M �M coe�cient matrices� �� � 
���� � � � � �M�� is a �xed M � � vector of

intercept terms� and ut � 
ut�� � � � � utM�T is an M � � vector of error terms�

The above model is rewritten as a multivariate regression system

Y � BX��
H �U� 
���	�

where

B � ������� � � � ��k��M�� 
Mk����� � � ���� � � � ��r��M� 
Mr��

X � 
X�� � � � �XT���T���� 
Mk��

H � 
  H�� � � � �  HT���� 
Mr�T ��

Xt �

�
BBBBBBBB�

�

yt

�

�

�

yt�k��

	
CCCCCCCCA
� 
ht �

�
BBBBBB�

vechHt

�

�

�

vechHt�r��

	
CCCCCCA
�

and  M � M 
M � �����

We now show that the model under study has convenient conditional structure to apply the Gibbs

sampler�

The Bayesian VAR
k�
GARCH
p�q�
M
r� model is then given by

Y � NT�M �BX��
H� diag
H�� � � � �HT ���

vechHt � �� �

qX
i��

�ivech
ut�iu
�

t�i� �

pX
j��

�jvechHt�j �

and the prior distributions are chosen from the families of normal distributions� hence

B � NM���� 
Mk��B���B�

 IM ��

� � NM� 
Mr�������

 IM ��

where all of the hyper
parameters 
which are denoted with a star� are known a priori� Thus� we can

derive the following full conditional distributions 
f�c�d�� for the Gibbs simulation process�
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The joint distribution for the dataY and the parameters � � 
B���A��� is withA � 
������ � � � ��q�

and � � 
������ � � � ��p�

p
��Y� � N �YjBX��
H� diag
H�� � � � �HT ��

�N �BjB���B�

 IM � �N ��j������


 IM �

�

pY
i��

N ��ij�
�

i ���i� �

qY
i��

N ��ij�
�

i ���i��

����� The full conditional distributions �f�c�d��

a� The f�c�d� for the regression coe�cients B

The full conditional density for B is a multivariate normal distribution

p
BjY� �c� � NM���� 
Mk��B���DB��
�

with

D��B��

� IM 
���B�

� � x
�

tH
��
t xt ��

B�� � DB��
�vec
���B�

B�� � x
�

tH
��
t 
yt ����

where 
Y � Y��
H and �c � 
��A��� denotes a vector of all parameters save the arguments of the

full conditional distribution�

b� The f�c�d� for the regression coe�cients �

The f�c�d� is given by

p
�jY� �c� � NM� 
Mr �����D���
�

with

D�����

� IM 
�����

� � x
�

tH
��
t xt ��

��� �D���
�vec
�����

��� � x
�

tH
��
t 
yt ����

and 
Y � Y �BX�

c� The f�c�d� for the GARCH coe�cients

We use for the f�c�d� of � and 
 a Metropolis
within
Gibbs step with a normal distribution which is

obtained by an iteration proposal given by

vec�i � N �vec��i� ���i
��

vec�i � N �vec ��i� ���i
��

and the f�c�d� is given by

p
A��jY� �c� � �
A���
TY
t��

N �ytj�t�Ht�



CHAPTER �� MULTIVARIATE MODELS ��

with �t given in 
����� and the normal distribution being proportional to

N �ytj�t�Ht� � jHtj
����expf�

�

�

yt � �t�

�H��t 
yt � �t�g�

Note	 If H � diag
H�� � � � �HT � is a TM � TM � W a r � T � and V a T � k matrix� then

� witHtvtj � � 
W 
 IM �diag
H�� � � � �HT �
V 
 IM �

�

�
B�
P

tw�tHtvt�� � � � �
P

tw�tHtvtk

� � �P
twrtHtvt�� � � � �

P
twrtHtvtk

	
CA

� � wtHtvt �rM�kM �

where 
 denotes the Kronecker product� The multivariate ARCH model can be written as

Y � N ��� diag
H�� � � � �HT ���

Ht � �� �

pX
j��

�jyt�iy
�

t�i�

where Y � 
y�� � � � �yT �
�� yi � 
y�i� � � � � yMi�� �i � 
�i�� � � � � �

i
M�� i � �� � � � � � p�

To implement the MCMC� we use Metropolis draws for each component in an ARCH
p� model� where

the parameters are given by the M�
p��� parameter matrixA � 
������ � � � ��p�� and the posterior

distribution of A is given by�

�
AjY� � �
A�
TY
t��

N �ytj��Ht�

� �
A�
TY
t��

jHtj
���� exp
�

�

�
y
�

tH
��
t yt��

We specify a prior multivariate normal distribution for A where A� and H� are a M � 
p��� matrix

and a M 
p� ���M 
p� �� diagonal variance matrix� respectively� Then the �
A� is given by

�
A� � N �A��H���

or

vecA � N �vecA��H� � D� 
 IM ��

where we suggest as a default speci�cation vecA� � 	�M�p���� D� � 	�Ip�� and 	 � ����

Let Aold denote the current value of A� we draw Anew from the multivariate normal distribution

which has mean Aold and variance matrix D 
 IM � or say vecAnew � N �vecAold �D 
 IM �� Then

we calculate the acceptance probability ratio of the complete conditional density �
Anew�Aold� �

�
Aold jY���
AnewjY�� If � � � we move to Anew# if � � � we move to Anew with probability ��

The stationary distribution of this Markov chain is the normalized density associated with complete

conditional distribution for A given everything else 
Hastings� �	��� Tierney� �		��� After updating

all A� complete one iteration of the modi�ed Gibbs sampler�

The starting values and the variance matrix of the proposal distribution for the Metropolis algorithm

are usually obtained from the prior density function� We start with arbitrary values for Aold 
e�g��
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vecAold�����M�p���� and its variance 
e�g�� identity matrix D � ����Ip���� We update the starting

values and the proposed variances for each run from the output of the MCMC�

Then we calculate the mean and variance and repeat the iterative proposal until a satisfactory ac


cept�reject ratio is obtained�

For each run� we have ���� iterations and ��� burn
in simulation points� We collect samples from se


lected iterations of the converged chains 
iterations �	�� to ����� to ensure that we have independent

and identically distributed samples 
M � ���� from the joint posterior density� The multivariateVAR


GARCH
M model with orders k�s�p and q and M dimensions can be written in a random coe�cient

form 
see Polasek and Pelloni 
�		����

ylt � �l� �
MX
m��

kX
i��

�lmi ymt�i �
MX

m��

rX
i��


lmi hmt�i � ul�t 
�����

ul�t � N ��� hlt�� l � �� � � � �M�

or

ylt � N �xt�� h
l
t��

hlt � �l� �
MX

m��




pX
i��

�lmi hmt�i �

qX
i��

�lmi u�m�t�i��

where the parameters are
MX
m��




pX
i��

�lm �

qX
i��

�lmi � � ��

with all coe�cients being positive� �l� � �� �lmi � �� �lmi � � and m� l � �� � � � �M�

The equation 
����� can be written as

yt � �� �
kX

i��

�iyt�i �
rX

i��

�ivechHt�i � ut � �t � ut�

where yt � 
yt�� � � � � ytM �� is an M � � vector of an observed time series at time t� �i 
i � �� � � � � k�

and �i 
i � �� � � � � r� are �xed M � M coe�cient matrices� �� � 
���� � � � � �M�� is a �xed M � �

vector of intercept terms� and ut � 
ut�� � � � � utM�T is an M � � vector of error terms�

The prior distributions for B � ������� � � � ��k� and � � ���� � � � ��r� are given by

B � N �B���B�

 IM ��

� � N �������

 IM ��

where B�� �B�
� �� and ���

are known priors�

����� Program description

A S
plus function for calculating the VAR
GARCH
Mmodel has been written� It is called fvargarchm�

The fvargarchm function needs a matrix or multivariate time series as its input data �le� which must

be a S
plus object� You must also input the arguments as follows�

�� M � The dimension of the time series� which can be chosen from � to ���

�� k� The order of the VAR process� k � � is an integer�
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�� s� The order of the ARCH
M component� s � � is an integer�

�� p� The order of the GARCH process� p � � is an integer�

�� q� The order of the ARCH process� q � � is an integer�

�� iter� The number of iterations� iter � � is an integer�

�� Dalpha� A 
� �Mp�Mq��
� �Mp�Mq� matrix of �� and ���

�� alpha� A 
� �Mp�Mq��M matrix of �� and ���

	� Dbstar� A 
� �Mk��
� �Mk� matrix of �B�

and ���

�

��� Bstar� A 
� �Mk �Ms��M matrix of B� and ���

If the �� variables from above have been given� you can run the program�

The program will calculate and print out the results as follows�

��� show�para� is a logical value� If one chooses TRUE
T �� the program will print out the mean and

standard error of the simulated parameters of the model for all iterations�

��� show�para�hist� is a logical variable� If one chooses TRUE
T �� the program will show the his


togram 
graphic output� of the simulated parameters of the model for all iterations�

��� show�para�Markov� is a logical variable� If one chooses TRUE
T �� the program will plot a graph�

which plots the Markov chains 
graphic output� of the simulated parameters of the model for all it


erations�

��� show�epsilon�plot� is a logical variable� If one chooses TRUE
T �� the program will plot a graph�

which plots the mean of the residuals of the model for all iterations�

��� show�epsilon� is a logical variable� If one chooses TRUE
T �� the program will print out the mean

and standard error of the model�s residuals of iterations for all iterations�

��� show�ht�plot� is a logical variable� If one chooses TRUE
T �� the program will plot a graph� which

plots the mean of the conditional variance of the model for all iterations�

��� show�ht� is a logical variable� If one chooses TRUE
T �� the program will print out the mean and

standard error of the model�s conditional variance for all iterations�

��� nstep� is an integer value� which is the number of the forecasting period� if nstep � �� the program

will do one step forecasting calculation�

�	� show�fore� is a logical variable� If one chooses TRUE
T �� the program will show the histogram

and mean of the every simulated forecasting period for all iterations�

��� libpath� is the path to the Fortran module

��� The log marginal likelihood of the model is calculated by�

Example�

my�model�	fvargarchm�data
MS�re��� You �t a VAR
��
GARCH
����
M
�� model for the monthly

returns of the MSCI North America index� MSCI Europe index and MSCI Paci�c index from February

�		� until September �			 and store it as an object �my�model� with the command above� By default�

you get the estimated coe�cients and the std� error� one step forecast of the series and of the variance

matrix and the marginal likelihood� The output is split into two parts� Part one gives the Gibbs

samples� part two gives the means of the sample� By default only part two will be given� The

command names
my�model� will give

names�my�model�


�� �output�part�� �output�part��
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Typing

my�model�output�part�

you will get the following output�

�Model� 
�� �VAR���	GARCH�����	M��� Model�

�coefficients�

Mean Std


��� ����������� �����������


��� ����������� �����������


��� ����������� �����������


��� 	����������� �����������


��� 	����������� �����������


��� ����������� �����������


��� ����������� �����������


��� ����������� �����������


��� ����������� �����������


���� ����������� ����������� 
���� ����������� �����������


���� ����������� ����������� 
���� ����������� �����������
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�forecast�H� �forecast�H

����


��� 
��� 
���


��� ����������� ����������� ����������� 
��������������

����������� ����������� 
�������������� ����������� �����������

Comparing the log marginal likelihoods we can see the the VAR
��
GARCH
����
M
�� provides a

better �t for the monthly returns of the MSCI North America� MSCI Europe and MSCI Paci�c

indices than the VARX
��
GARCH
���� model�

You can also �t a VAR
GARCH model with the function �fvargarch��
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Miscellaneous Models

	�� Unit root test with marginal likelihood

Suppose that a pth
order autoregressive model AR
p� satis�es the following�

yt � c� ��yt�� � � � �� �pyt�p � 	t� 
����

where 	t is white noise with mean zero and variance ���

For the AR
p� process assume that the stationarity condition 
E
yt� � 
� for all t� and E
yt �


�
yt�j � 
� � �j for all t and any j� is satis�ed� If the time series fytg is I
�� 
I
d� integrated of

order d�� yt � I
�� comes from calculus� if dy�dt � x� then y is the integral of x� If yt � I
��� then

dy�dt � ���� i�e� yt is non
stationary or has a unit root�

In this section we outline how the classical augmented Dickey and Fuller 
�	�	� regression models for

unit roots can be used to calculate the marginal likelihoods for a Bayes test�

����� The AR�p� model in 	rst di
erences �non�stationary model�

If the time series yt is I
��� then the �rst di�erences should be a non
stationary 
i�e� that it has a unit

root� AR
p� process� De�ne the �rst di�erences zt � yt � yt�� and estimate a non
stationary AR
p�

process 
"
AR� for p � �� � � � � pmax�

zt � ��zt�� � � � �� �pzt�p � ut� t � �� � � � � T� 
����

z�� � � � � zp�� are the �rst observations of the time series on which the analysis is conditioned�

����� The simple ADF model �stationary model�

If the yt series is stationary 
no unit root� we could estimate an AR
p� model for the yt� Such a model

cannot be compared with 
����� therefore we need a model reformulation which can be compared

��
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to 
����� This is the so
called augmented Dickey
Fuller 
ADF� regression model for �rst di�erences


abbreviated as DF
AR ���

zt � ��yt�� � ��zt�� � � � �� �pzt�p � ut� 
����

which is a reformulation of a stationary AR
p� model for the yt�

����� The ADF model with mean �stationary model�

We extend the simple ADF model 
���� by the intercept 
�

The model is the so
called Dickey
Fuller 
DF� regression model with mean 
DF
AR ���

zt � 
� ��yt�� � ��zt�� � � � �� �pzt�p � ut� 
����

����� The ADF model with mean and trend �stationary model�

We extend the ADF model with an intercept and a trend component� The model is the so
called

Dickey
Fuller 
DF� regression model with mean and trend 
DF
AR ���

zt � 
� �t � ��yt�� � ��zt�� � � � �� �pzt�p � ut� 
����

����� Marginal likelihoods for the AR�p� model with fractional prior

Since the above models are very similar� we prove only model 
���� 
see� for details� Polasek and Ren


�		���� We consider the linear autoregressive model

yt � �� � ��yt�� � � � �� �pyt�p � ut 
����

with a T � k regression matrix X of full rank� where k � p� �� conditional on p starting values�

y � N �X�� ��IT � 
����

with a non
informative prior distribution for the parameter � � 
�� ����

f
�� ��� �
�

��
� 
����

then the marginal likelihood is given by

f
y� � jX�Xj�
�
� � 
�ESS��

T�k

� �

�
T � k

�

�
��� 
��	�

Lemma a The fractional marginal likelihood with b � 
�� �� and t � � is given by

f�b 
y� � b
Tb�k

� 
�ESS��
T�Tb

� �

�
T � k

�

�
��

�
Tb� k

�

�
� 
�����

If b � k
T � then

Tb�k
� � � and

f�b 
y� � 
�ESS��
T�k

� �

�
T � k

�

�
� 
�����
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����� Module usage

The unit root test 
stationary test� function is called unit�test and requires a vector or time series as

its input data �le� Finally� if one runs the program� the logarithmic marginal likelihood of the model

from p � �� � � � � pmax will be automatically given�

Function Name	

unit�test

Usage	

unit�test�data
MS
����pmax
��

Required Arguments	

data� a univariate time series or a vector�

Optional Arguments	

pmax� the order of the AR process� pmax � � is an integer� Default� ��

name� name of the data�

Example	

my�unitr �	 unit�test�MS
���� ��� my�unitr �	 unit�test�MS�re
���� ��� Note� MSre

is simply a time series of returns on the initial index series� MS� This program operates by es


timating the marginal likelihoods for a non
stationary AR
p� process� given in the �rst column

as Delta
AR� and three di�erent stationary AR
p� processes� simple ADF� ADF with mean

and ADF with mean and trend� We select as most likely the model with the highest marginal

likelihood� In the case of the �rst example below� we see that the greatest marginal likelihood

is calculated for the Delta
AR
�� process and therefore can suspect that we are looking at a

nonstationary process� This is not surprising� given that the data
set in question is a stock

index� The second example shows that the greatest marginal likelihood is calculated for the

DF
AR � model� which is the model with mean� with p � �� This suggests a stationary model

and� given that we are looking at returns on the stock index� this is again not surprising�

� my�model �	 unit�test�MS
���� p
��

log� marginal likelihood

p Delta	AR DF	AR � DF	AR � DF	AR �

� 	������� 	�������� 	�������� 	��������

� 	�������� 	�������� 	�������� 	��������

� 	�������� 	�������� 	�������� 	��������

� my�model �	 unit�test�MSCI
���� p
��
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log� marginal likelihood

p Delta	AR DF	AR � DF	AR � DF	AR �

� �������� �������� �������� ��������

� �������� �������� �������� ��������

� �������� �������� �������� ��������
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